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SYMMETRIC POWERS AND NORMS OF MACKEY 

FUNCTORS 

JOHN ULLMAN 



i^ Abstract. In this paper we give detailed algebraic descriptions of 

the derived symmetric power and norm constructions on categories 

j;^ of Mackey functors, as well as the derived G-symmetric monoidal 

^^ structure. We build on the results of |U112| . in which it is shown 

^H that every Tambara functor over a finite group G arises as the ze- 

^SJ roth stable homotopy group of a commutative ring G-spectrum. 

04 The norm / restriction adjunctions on categories of Tambara func- 

^^ tors promised in |U112| are demonstrated algebraically. Finally, we 

r I give a new characterization of Tambara functors in terms of multi- 

_^ plicative push forwards of Mackey functors, and use this to obtain 

. an appealing new description of the free Tambara functor on a 

i-G Mackey functor which closely matches the structure of equivariant 

d extended powers. 



i>r 1. Introduction 
oo 

l/^ power construction on Mackey functors over G by 

g Sym^iK) := 7ro((HM)^7S„). 



Let G be a finite group and n > 1. We can define the n 'th symmetric 



Note that this is not equal to M®"'/E„. However, the results of |U112| 
make it possible to give an algebraic description of Syrun- We restate 
the relevant results here for convenience, using C to denote the derived 
free commutative ring G-spectrum functor, and recalling that tTq of ^ 
commutative ring G-spectrum is a Tambara functor (see |Bru| or |Str| ). 

Theorem 1.1. [Theorem 5.2 of |U112] / If X and T-LR are commutative 
ring G-spectra, with X {—1)- connected and TiR Eilenberg MacLane, 
then vTq induces a bijection between maps X — )■ TiR in the homotopy 
category of commutative ring G-spectra and maps WqX -^ R of Tam- 
bara functors. 

Theorem 1.2. [Theorem 5.3 of [U112J / The functor tTq induces an 
equivalence from the homotopy category of Eilenberg MacLane com- 
mutative ring G-spectra to the category of Tambara functors. 
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2 JOHN ULLMAN 

Corollary 1.3. [Corollary 5.8 of |U112j / If M. is any Mackey functor 
then TTpCf'HM) is the free Tambara functor on M. 

Thus, for any Mackey functor M we have that Symn{M_) is the n'th 
degree part of the free Tambara functor on M. We give a detailed 
algebraic description of this in Section [2j The precise statement is 



given by Corollary 2.13, and the geometric fixed points are given by 



Corollary 2.17 



Next, let H he a proper subgroup of G. Letting N§ denote the 
derived norm functor of |HHR) . we can define a norm construction 
sending i7-Mackey functors to G-Mackey functors by 

N§iM)--=KoN§inM). 

Using our description of free Tambara functors, and the fact that the 
norm functor gives the left adjoint of restriction from commutative 
ring G-spectra to commutative ring if-spectra, we give an algebraic 
description of this norm construction in Section [3J The precise state- 



ment is given by Theorem 3.5, and the geometric fixed points are given 



by Proposition 3.7 



Next we put a G-symmetric monoidal structure on Mackey functors: 
for each finite G-set T and Mackey functor M, we let 

M®^ := 7ro(HM)^^. 

We give an algebraic description of this in Section |4j The precise state- 
ment is given by Theorem 4.6[ 



These first descriptions of the norm and G-symmetric monoidal struc- 
ture are unsatisfying, since they do not give intrinsic generators and 
relations. We give intrinsic descriptions in Section [5} along with several 
structure maps. Then we use multiplicative push forwards to cleanly 
match our descriptions to topology in Section [6j 

In |U112] it is shown that the norm construction A^^^^ on Mackey func- 
tors gives the left adjoint of restriction on Tambara functors. We restate 
the result here for convenience. 

Corollary 1.4. [Corollary 5.13 of |U112] / If H is a subgroup of G, 
then the left adjoint of the restriction functor from G -Tambara functors 
to H- Tambara functors coincides with N^ on underlying commutative 
Creen functors. 

In Section [7] we give an algebraic demonstration of this adjunction, ob- 
taining along the way a similar adjunction for semi- Tambara functors. 
Finally, in Section|8]we define multiplicative push forwards of Mackey 
functors and give an algebraic description. We use these to give an al- 
ternative characterization of Tambara functors as multiplicative Mackey 
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functors, and to give an alternative formula for the free Tanibara func- 
tor on a Mackey functor which closely matches the structure of equi- 
variant extended powers. 

We work throughout this paper with orthogonal spectra. We denote 
the category of orthogonal G-spectra by Spc and the category of com- 
mutative ring G-spectra by comrriG- We utilize the S model structures 
of |Sto) . so that induction and restriction functors are Quillen pairs, 
and always index on a complete G-universe. Recall that we can pull 
back the positive model structure to comrriG- We refer to [StoJ and 
Section A. 4 of [UlUJ for background on these model structures, which 
build on the classical ones from |MM) . 

We will use the notation MackiG) for the category of G-Mackey 
functors, and sMack{G) for the category of semi-Mackey functors (that 
is, Mackey functors without additive inverses). 

2. Symmetric Powers of Mackey Functors 

In this section we give an algebraic description of symmetric powers of 
Mackey functors. As explained in the introduction, this comes down 
to describing the free Tanibara functor on a Mackey functor. Hence, 
we begin by giving a definition of (semi-)Tambara functors, after some 
preliminaries. Let G be a finite group, and let J^inc denote the category 
of finite G-sets. Also let Set-^dj denote the category of nonempty sets. 
Let i : X -^ Y and j : F — > Z be maps in J^inc- Let 

n,,,X := {{z,s) ■.zeZ,s: r\^) ^X,ios = Id} 

be the set of sections of i defined on fibers of j, with G acting by 
conjugation. There is an obvious G-map 

P■■U^,X^Z 

{z, s) \-^ z 
as well as an evaluation G-map as below. 

e:YxzU^,X-^X 
{y,{z,s)) H^ s{y) 
Observe that the diagram below commutes. 

Yy<zUuX — - — -a,x 



■■« J ^ ^l,J ' 



e 



p 



X ^Y 
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An exponential diagram is any diagram in J^inc which is isomorphic 
to one of the above form. If the diagram 




is an exponential diagram we will say that (/, g, h) is a distributor for 
(i,j). We can now define semi-Tambara functors. Our definition is 
equivalent to that of Tambara's "semi-TNR functors" in |Tam| . 

Definition 2.1. A semi-Tambara functor M is a triplet of functors 

M* : nn^^ -^ Set^n, 
M ^ : Fine — > S'et^0 
M ^ : Tine — )■ S'et^0 

with common object assignment X i— )■ M(X) such that 

(i) if X — )■ Z ^ y is a coproduct in Tine then 

M(X) 4^^ M(Z) ^^ M{Y) 

is a product in Set-/,Q, 
(ii) for any puUback diagram 




we have the two relations M*(j) o M^(i) 
M*{j) o M^(z) = M^(p) o M*(g), and 
(iii) for any exponential diagram 



MM oK*{q) and 




we have M,(j) o M,{i) = M,(/i) o M^) o M7- 
A map of semi-Tambara functors M — )■ iV is a collection of maps of 
sets M_{X) — > N_{X) which forms a triplet of natural transformations 
M* -^ N*, M^ ^ K*, M^ ^ N^- We denote the category of semi- 
Tambara functors by sTamh{G). 
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The third condition above is called the distributive law. If M is a semi- 
Tambara functor the structure maps M*( f) are called restrictions, the 
M^if) are called transfers and the Mjf) are called norms. When the 
choice of M is clear we will denote these by rj, tf and Uf, respectively. 
Now for any X G J-'inc, the composite 

M{X) X M{X) = Mix U X) ^*("^U"^\ M{X) 

defines an operation making M_{X) into a commutative monoid. We 
call this addition; the unit (zero) comes from the unique transfer 

M. :M(0) ^M{X). 

A Tamhara functor is a semi-Tambara functor M_ such that these 
monoids are abelian groups. We denote by Tamh{G) the category of 
Tambara functors. Note that we obtain analogous definitions of semi- 
Mackey and Mackey functors by deleting the norms from the above 
definition. 

Next, using norm maps instead, we obtain a second operation which 
distributes over the first. We call this multiplication. With these com- 
mutative semi-ring structures the restrictions become maps of rings, the 
transfers are maps of modules, and the norms are maps of multiplica- 
tive monoids. Thus a Tambara functor defines a commutative Green 
functor. We also obtain forgetful functors sTamb{G) — > sMack{G) 
and Tamb{G) — ?■ Mack{G) by neglect of the norms. 

The Grothendieck group construction gives left adjoints 

sMack{G) -^ Mack{G) 

sTamb{G) — )■ Tamb{G) 

to the appropriate forgetful functors. For Mackey functors this is 
trivial; for Tambara functors see |Tam| (or, alternatively. Section 13 



of |Str] ). Next we give a definition of free Tambara functors. 

Definition 2.2. Let M be a Mackey functor. A free Tambara functor 
on M is a Tambara functor T(M) together with a map of Mackey 
functors M_ — )■ T(M) which is initial among maps from M to Tambara 
functors. A free semi-Tambara functor on a semi-Mackey functor M is 
a semi-Tambara functor sT{M_) together with a map of semi-Mackey 
functors M — >■ sT(M) which is initial among maps from M to semi- 
Tambara functors. 

Of course, free (semi-) Tambara functors are unique up to unique iso- 
morphism, so we may speak of the free (semi-) Tambara functor on a 
(semi-)Mackey functor. 
We now give a construction of the free semi-Tambara functor on a 
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semi-Mackey functor M_. Let X G J^inc- We define sTo(M)(X) to be 

the set of equivalence classes of pairs (f/ — )■ V — )■ X, -u G M_{U)), where 

i and j are maps in J^inc and (f/ — )> V — )■ X, -u G M(f/)) is equivalent 

to {U' -^ V ^>- X,u' E M_{U')) if and only if there is a commutative 
diagram 



U ^-^V 



X 




U' ^v 



such that / and g are isomorphisms and rf{u) = u' . Such a pair 
represents a transfer of a norm of an element from M. We define 
restrictions, transfers and norms for sTo(M) as follows. If / : X — )■ F is 



/oj. 



a map in J-'iric we define tj((f/ — )■ V — )■ X, -u)) to be (f/ — )• V — )■ V, m). 
If instead / : F — )■ X, we form the diagram below, where the squares 
are pullbacks. 




and define rj((f/ 4 V 4 X,u)) to be (Q 4 P A F,rg(M)). It is 
simple to verify that we now have a semi-Mackey functor. Addition is 
achieved by taking disjoint unions of the f/'s and Vs; the zero element 
consists of the diagram with U and V empty and the element G M(0). 
Now suppose again that / : X — )■ F; to define the corresponding norm 
we take our cue from the distributive law. Form the diagram below, 
where the rectangle is exponential and the square is a puUback, 



P ^A 



B 



and define n/((f/ \vU X,m)) to be (P -^ 5 4 Y,rp{u)). The 
fact that sTo(M) is a semi-Tambara functor follows from the following 
three lemmas, which we state without proof. 
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Lemma 2.3. (Commutation of norms and restrictions) Suppose given 
maps of finite G-sets as below, where the squares are pullbacks. 




Then the pullback over k of the exponential diagram for i,j is the ex- 
ponential diagram for g, h. 

Lemma 2.4. (Distributive law) Suppose given a commutative diagram 
of finite G-sets as below. 



G 



D 




P 




V 



A 



B 




X 




Y 



If the square is a pullback and the two interior pentagons are exponen- 
tial, then the outer pentagon is exponential; that is, the maps kg, f and 
qp form a distributor for ji,k. 

Lemma 2.5. (Functorality of norm) Suppose given a commutative di- 
agram of finite G-sets as below. 
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// the square is a pullback and the two interior rectangles are exponen- 
tial, then the outer rectangle is exponential; that is, the maps kg, qp 
and r form a distributor for i, kj . 

Now sTo(M) is not the free semi-Tanibara functor on M. (In fact, it is 
the free semi-Tambara functor on M regarded as an object with restric- 
tions but not transfers.) To obtain the free semi-Tambara functor on 
M we must impose an equivalence relation representing the distribu- 
tive law, as follows. Given U ^ V ^ X in J-'inc, let k : W ^ U he 
a map in J^inc and form the commutative diagram below, where the 
rectangle is exponential. 



W 



A 



^U^^V 



X 




B 



We define sT(M)(X) to be the quotient of sTq{M){X) by the smallest 
equivalence relation ~ such that 



(t/ 4 V 4 X, tk{w)) r^iA^B^X, rf{w)) 

ioT all W ^ U -^ V ^ X in J^iric and all w e M(W). It is clear 
that the transfer maps for sTo(M) descend to this quotient, and the 



restriction maps descend by Lemma 2^ The fact that the norms 
descend is more difficult. We prove it below. 

Lemma 2.6. The norm maps on sTo(M) descend to sT(M). 

Proof. We must prove that, if two elements in sTo(M) are equivalent, 
then so are their norms. Unfortunately, this requires a large amount of 
notation. Consider a commutative diagram of the form below, where 
the pentagons are exponential and the squares are pullbacks. 
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Next form the diagram below, where the squares are puUbacks. 



pJl^Q^H^H 



pi 



91 



hi 



A 



B 



C 



Now Lemma 2.3 tells us that the exponential diagram for a, h pulls 
back over hi to the exponential diagram for P2,q2- Thus we obtain an 
exponential diagram 



J 



32 



K 



33 



k2 



Q 



V2 ^ 92 

and a commutative diagram as below. 



H 




Now every generating relation on sTo(M)(-F) is of the form 



^B^C^DM^))-{F^V 



for some x, A, 5, etc. First we calculate 



Next, since A;i o wi, U72, i o y is a distributor for cov^dhy Lemma 2^ 
we obtain 



/2 



W20I2 



n.iiF ^V^ D,r,,ix))) = {L^^^Y^ E,r,,r,,r,,{x)). 



Now Tq^ta = tp^Tp-^, and Lemma 2.5 implies that J3 o li,W2 o l2,y is a 
distributor for P2) ^2 ° Q'2, so we obtain the following. 

~ (L 
But since pi o J3 = f^ o j\, we have ri-^^rj^rp^{x) = ri^rj-^rf^{x), so that 



^^^^ r ^ E,n,rj3rp,(x)) 



n,((S A C A D,t.(x))) ~ n,((F i2> l^ ^ D,rj,{x))). 



D 
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It is now clear that sT{M_) satisfies every part of Definition 2.1 except 
part (i). However, tliis is easily seen to hold when we note that disjoint 
unions of exponential diagrams are exponential. This implies that the 
equivalence relation on 

sTo(M)(^ilI^2) = sTo(M)(Xi) X sTo{M){X2) 

is the product of the two equivalence relations on sTo(M)(Xi) and 
sMM){X2). 

We must now show that sT{M_) is actually a free semi-Tambara 
functor on M. First we require a map of semi-Mackey functors from 
M to sT(M). Let X be a finite G-set. We define a function as below. 

9m{X) : M{X) ^ sT{M){X) 

X \-^ {X ^ X ^ X,x) 
We now verify that this is a map of semi-Mackey functors. 
Lemma 2.7. The functions 9^[{X) determine a map 

Om-M^ sT(M) 
of semi-Mackey functors. 

Proof. Since puUbacks of identity maps are identity maps, it is clear 
that 9m_ commutes with restrictions. Now let / : X — )■ F be a map in 
J^iuc and let x G M(X). We have the following. 

eM{tf{x)) = {Y ^Y ^Y,tf{x)) 

~ (X ^ X A F, x) 

= t/((X^X^X,x)) 

The second line above is equivalent to the first because the diagram 
below is exponential. 




/ 
Thus, 9m commutes with transfers as well. D 

Finally we can show that sT(M) is a free semi-Tambara functor on M. 
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Theorem 2.8. Let M_ be a semi-Mackey functor. For any semi-Tamhara 
functor R, the function shown below is a bijection. 

HomsTamb(G)isT{M), R) -^ HomsMack{G){M,R) 

F ^ F oOm 
That is, sTjM) is the free semi-Tambara functor on M . 
Proof. Firstly, for any X G J^inc it is readily verified that 

(f/ 4 1/ 4 x,m) = tjUi^eMiu)) 

in sT(M), so the map is injective. Now suppose we are given a map 
Fq : M_^ Roi semi-Mackey functors. For any X G J-'inc we define a 
function as below. 

F{X) :sTo(M)(X) -^ R{X) 
(f/ 4 1/ 4 X, m) ^ tjHiiFoiu)) 

It is easy to see that this is a well-defined function, and that these form 
a map 

F: sTo(M) -^R 

of semi-Tambara functors. Finally, one easily checks that F descends 
to a map on the quotient sT(M) and that F o 6m_ = Fq. D 

Next, we decompose sT(M) as a semi-Mackey functor. For any finite 
G-set X and n > 0, let sTq(M)(X) denote the set of equivalence classes 

in sTn(M)(X) represented by (f/ — )■ V" — )> X,u) such that i~^{v) has 
exactly n elements for each v & V. Since pullbacks preserve fibers, 
these sets form a sub-semi-Mackey functor of sTq{M_). Now any map 
of G-sets i : U ^ V can be decomposed as 

U„>o^n:U„f^"->U„^", 

where V^ := {v E V : #i~^(f) = n} and f/" := i~^{V"'), and this 
decomposition is isomorphism invariant, so we get a direct sum decom- 
position as below. 



sTo(M) = 0sT^(M) 



neN 
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Next, consider the equivalence relation on sTo(M). Suppose that the 
diagram below is exponential. 




Then / is a pullback of i, so if all the fibers of i have n elements then 
all the fibers of / have n elements. Combining this with the fact that 
disjoint unions of exponential diagrams are exponential, we see that 
the equivalence relation on sTq{M_) is the direct sum of its restrictions 
to the sTq(M). Thus we get another direct sum decomposition, as 
below. 

sT{M) = 0sT"(M) 

neN 

Here, sT"(M) consists of the elements of sT(M) that are represented 

by pairs {U ^ V ^ X,u) such that every fiber of i has n elements. The 
n = and n = 1 components are easy to identify. For the statement 
below, we denote by sA the Burnside semi-Mackey functor, and note 
that it is the initial semi-Tambara functor. 

Proposition 2.9. The unique map sA — ?> sT(M) in sTamb{G) induces 
an isomorphism 

sA^ sT^{M). 

The universal map 6m_ '■ M. — )■ sT(M) induces an isomorphism 

M^sT\M). 

Proof. Firstly, the unique map l : sA — )> sT(M) in sTamb{G) is a 
map of commutative semi-Green functors, so it preserves multiplicative 
units. Now the multiplicative unit in sT(M)(X) is (0 ^ X ^ X,0), 

so L maps the span F ^ X — )■ * to 

t/((0 ^ X A X, 0)) = (0 ^ X 4 F, 0). 

It is also clear that sT^{Af){Y) consists of the elements represented by 

the pairs (0 — )> X — )> F, 0), and that two of these are equivalent if and 
only if their maps / : X — )> F are isomorphic objects of J^iuc/Y . The 
first part now follows by inspection. 

Now consider sT^{Af). All of the fibers of a map i -.U ^V in Tiuq 
have 1 element exactly when i is an isomorphism, and in this case i 
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identifies U with V. Thus we may describe sTq(M)(X) as the set of 

isomorphism classes of pairs [V ^ X,v E M(V^))- Now diagrams of 
the form below are exponential, 




k 

SO the equivalence relation on sTq(M)(X) is generated by 

The equivalence relation defining sTq(M)(X) is a special case of the 
above, where we restrict ourselves to isomorphisms k : W —^ V. We 
can now identify sT^(M)(X) as below. 

sT\M){X) = colim AL{V) 

{V^X)eTinc/X 

Since Idx is the terminal object of J^inc/X, we have an isomorphism 
as below. 

colini M,(/) : sT\M)iX) ^ M{X) 

f-V^X 

Examining this map, we see that it sends (X ^ X ^ X,x) to x, so 
its composite with 6m_{X) is the identity. D 

Next, suppose that M is a Mackey functor and i? is a Tambara 
functor. Then we have the following. 

HomMack{G) (M, R) = HomsMack{G) (M, R) 

^HomsTamb[G){sT{M),R) 

Thus, defining T(M) to be the additive completion of sT(M) and let- 
ting 

Om-M^ T(M) 

be the composite of 6m_ '■ M. -^ sT(M) with the completion map, we 
have the following. 

Corollary 2.10. Let M_ be a Mackey functor. For any Tambara functor 
R the function shown below is a bijection. 

HomTamb{G)0^{M),R) -^ H Om M ack{G){K, R) 

F^ FoOm 
That is, T(M) is the free Tambara functor on M_. 
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Now let T"(M) be the additive completion of sT"(M). We obtain a 
direct sum decomposition as below. 

T(M) = 0T"(M) 

neN 

The following is immediate from Proposition |2.9[ 



Corollary 2.11. The unique map A — > T(M) m Tamb{G) induces an 
isomorphism 

The universal map 9m_ '■ M. -^ T(M) induces an isomorphism 

M^T\M). 

We our now in a position to identify our symmetric powers Synin- 
Letting C denote the free commutative ring spectrum functor, and 
taking "HM to be positive cofibrant, we have the following. 

C{nM) = 5 V KM V (HM)^VS2 V ... 

The inclusion of the wedge summand HM induces a map 

M -^ ttqCCHM) 

of Mackey functors, which then induces a map of Tambara functors 

^Ijm:T{M) ^TLoCiUM). 



Corollary 1.3 says that iI)m_ is an isomorphism. We need one more 
simple fact. In the following, note that the wedge sum decomposition 
of C('HM) induces a direct sum decomposition of 7£qC{T-CM_). 

Lemma 2.12. The map ipM is a graded map of Mackey functors. 

Proof. Any element of T"(M)(X) is a difference of transfers of norms 
of elements in the image of M, where the norms are taken along maps 
U -^ V such that all the fibers have n elements. Now C('HM) is a 
graded ring spectrum with "HM in degree 1, so it is clear from the 
definition (see |Strj ) that such norms end up in the n'th wedge sum- 
mand. n 

The following is immediate. 

Corollary 2.13. Let n > 2. There is a natural isomorphism of Mackey 
functors 
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Thus, for any finite G-set X , Symn(M)(X) is the quotient of the free 

abelian group on the pairs {U ^ V ^ X,u), with i and j maps of finite 
G-sets and u G M_{U) such that i has degree n, by the relations 

(i) (f/ — )■ V — )■ X, -u) = {U' — )■ V — )■ X, u') whenever there is a 
commutative diagram 



I 

9 



f 



U' — ^v 




such that f and g are isomorphisms and rf{u) = u' , 



(f/i ^Vi^X, m) + (f/2 ^V2^X, U2), and 

(f/ 4 1/ 

diagram 



(Hi) {U ^ V ^ X,tk{w)) = {A ^ B ^ X,rf{w)) whenever the 



W ^^U ^^V ^^X 



f 



h 

joh 



A ^B 

a 

is commutative and the rectangle is exponential. 

Transfers are determined on the generators by composition, while re- 
strictions are determined by pullback. 

Corollary 2.14. For each n the functor Syrrin preserves direct limits 
and reflexive coequalizers. 

Proof. We know that Syrrin is a retract of T. Since Tambara functors 
are closed under direct limits and reflexive coequalizers (of Mackey 
functors), it is formal that T preserves these. D 

Next we point out that these same symmetric powers of Mackey func- 
tors are obtained by arbitrary (— l)-connected spectra. 

Proposition 2.15. Let n > 2. For {—!)- connected spectra X , tTq of 
the derived n 'th symmetric power X^^/S^ is naturally isomorphic to 
SymniiLoX). 

Proof. Let / : X — )■ F be a map of positive cofibrant, (— l)-connected 
spectra that induces an isomorphism on tTq. Now C(X) and C(y) are 
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(— l)-connected, so for any Tambara functor R we have isomorphisms 

HomTamb{G)i7Lo'CiX),R) = HomHo{commG)i'^{X),'HR) 

^ HomHoiSpa)iX,nR) 

= HoUlMackiG) {ILqX, R) 

by Theorems |1.1| and 1.2, and similarly for Y. It follows that C(/) 



induces an isomorphism on vTq. The result follows by applying this to 
positive cofibrant models for the natural maps X — )■ Post^X. D 

Finally, we can identify the geometric fixed points of the free Tambara 
functor on a Mackey functor M. We use the notation $*^iV for the 
geometric fixed points of iV, and for any subgroup H we use $^iV to 
denote ^^ Yles^ N_. This is given by 

^^N = N{G/H)/{ J2 4mG/K))). 

KCH 

Recall that these functors are symmetric monoidal. For any subgroup 
H we may define a homomorphism as below. Here W{H) denotes the 
Weyl group AutdG/H) of H in G. 

Zm{H) : {^^M)/W{H) ^ $^tI^/^I(M) 

[x] ^ [ng%(x)] 

The fact that this formula induces a homomorphism on M{G/ H) fol- 
lows from the distributive law: n^{a + h) is equal to n'fja + n^h 
modulo transfers. The distributive law also implies that n'^z is a 
sum of transfers when z is. The element n^6M{x) is represented by 
{G/H -)■ * ^ *,x), so it is in TI'^/^I(M). Finally we note that, for 
any / G W{H), {G/H -)■ * ^ *,x) and {G/H -^ * ^ *,r/(x)) are 
equivalent under the relation which defines sTo{M)(G/G). 

Now let i^i, ..., i^r be a list of subgroups containing exactly one from 
each conjugacy class. The maps 'E.m{H) determine a homomorphism 
of graded rings 

r 

Em ■■ Sym{^{<^''^M)/W{H,)) -^ $^T(M), 
j=i 

where Sym{ — ) denotes the symmetric algebra functor and the piece 
{^^iM_)/W{Hi) is in degree \G/Hi\. We have the following. 

Theorem 2.16. The map Em is an isomorphism of graded rings. That 
is, the geometric fixed points of the free Tambara functor on M_ is the 
free symmetric algebra on the geometric fixed points of M_ with respect 
to all subgroups, quotiented by the actions of their Weyl groups. 
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Proof. First we show that S^; is surjective. A typical element of 
T(M)(G/G) is a difference of pairs (f/ — )> V — t- *,u). Decomposing 
the Vs into orbits to obtain sums, we see that it suffices to show that 
Hm hits the equivalence classes of the pairs with V an orbit. Now if V 
is not the trivial orbit, this pair is a transfer, and so represents zero. 
Thus we consider pairs {U ^ * ^ *,u). We may express ^ as a union 

m 

i=i 

and M as a product of elements u = {ui, ...,Um) with Uj G MiG/Hj). 
We then have 

m 

= SM(®f=iN), 

so we see that Sm is surjective. 

We now show that S^ is injective by constructing a left inverse $^m- 

Consider a pair (f/ — )■ \/ — )■ *,u). Decompose i~^{V^) into orbits to 
obtain 

and u = Yl^{uv^i, ...,M«,m„) with u^j G M.{G/Hi^ .). Note that for each 
V G V'^ the Mtij's are unique up to permutations within the various 
M_{G/Hi) and the actions by the corresponding Weyl groups W{Hi). 
Thus we define a homomorphism as below. 

r 

iM ■ sTo(M)(G/G) ^ Sym{^{^''^M)/W{H,)) 

i=l 

Now consider the equivalence relation on sTq{M}{G/G). Suppose we 
are given a diagram as below, where the rectangle is exponential, and 
take u = tk{w) with w G M_{W). 




^ * 
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Points of B^ correspond to elements v G V''^ and equivariant sections 
s : i~^{v) —^Woik. Of course, a map of orbits has an equivariant sec- 
tion if and only if it is an isomorphism, in which case it has exactly one 
equivariant section. Let Wiso denote the union of the orbits of W that 
are mapped injectively by k into U. Now we can choose isomorphisms 
successively as below, 

vevG j=i 1=1 

so that k : k''^i^^{V'~^) (iWiso -^ i^^{V'^) becomes the appropriate fold 
map. Meanwhile, each orbit of k~^i~^{V'^) that is not in Wiso con- 
tributes a transfer to one of the Uyj^s, so it does not affect the equiv- 
alence classes of the u^j^s in the appropriate geometric fixed points. 
The fact that ^m descends to a map on sT{M_){G/G) now follows from 
the fact that the expression 

is distributive in each variable u^j. Taking the additive completion, we 
get a map on T{M_){G/G). Finally, it is clear that this map descends to 
$*^T(M), since transfers of elements of T(M) from proper subgroups 
are differences of pairs {U -^ V -^ *,u) such that V'~' = 0. To show 
that C,M ° Sjv/ is the identity, it suffices to check this on elements of the 
form (S)"Li[uj], with Uj G M{G/Hi^). We have 



-Af I 



5- 



i[uj]) = [(l[,G/Hi, ^ *->*,(«!,. ..,«„))] 



and 

by definition. D 



Combining this with Corollary 2.13 we obtain the following 



Corollary 2.17. Let n >2, and let Hi, ...,Hr be a list of subgroups of 
G containing exactly one from each conjugacy class. Then there is a 
natural isomorphism 

r 

Here, Sym"" denotes the n 'th degree part of the symmetric algebra func- 
tor, and we take the summand {^^*M_)/W{Hi) to have degree \G/Hi\. 
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Remark: The conjecture that there is an isomorphism such as Sm is 
due to Mike HilL It was, in fact, inferred topologically by inspecting 
the structure of equivariant extended powers. 



3. Norms of Mackey Functors 

In this section we give an algebraic description of the norm construction 
on Mackey functors. Let G be a finite group, and let H he a. proper 
subgroup. We describe the norm functor Njj : Spn — ^ Spc of |HHR) as 
follows. Let {gi} be a set of coset representatives for G/H, with 1 being 
the representative of the identity coset. As an ordinary orthogonal 
spectrum we set 

N^X := /\ X. 

G/H 

Fix g ^ G, and define gj- hj g^^ ■ giH = g-j^H. Then we indicate the 
G-action on N§X schematically by 



9 ■ i\,HXi) = Ag^nigi ^QQh) ■ ^. 



ji 



This functor is clearly symmetric monoidal. In Section 1.5 of |U111] it 
is shown that this functor preserves cofibrancy and weak equivalences 
between cofibrant objects. It follows that N^ is left derivable, so we 
can define a norm construction on Mackey functors as below. 

N§ : Mack{H) -^ Mack{G) 

M ^ JLoiN^HM) 

Next, Corollary 1.5.8 of |U111] implies that if X is (— l)-connected, 
then the derived norm N^X is too. Furthermore, application of The- 
orem 1.5.9 of [UlUJ to the cofiber sequences PostiZ — )■ Z — )■ Post^Z 
yields the following. 

Lemma 3.1. If f : X -^ Y is a map of cofibrant, {—!)- connected 
spectra which induces an isomorphism on tTq, then N^{f) induces an 
isomorphism on tTq. 

Corollary 3.2. For cofibrant, {—!)- connected spectra X there is a nat- 
ural isomorphism 
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It follows from this that we have isomorphisms as below. 

N§{M, ® M2) = 7LoN§{n{M, ® M2)) 



rGnj i\/r A atG-: 



= KoKC^M^ A nM 2) 



2) 



= JLoiNn'HM^ A N^HM 

Thus, the norm construction on Mackey functors is symmetric monoidal. 
Next, one easily calculates that 

for any finite H-set T, where N^T denotes ^q/jjT with G-action as 
in the definition of the spectrum level norm. Thus we have 

N§i[-,T]) = [-,N§T]. 
We shall need the following. 
Lemma 3.3. // / : M ^ — )■ M g is a surjective map in Mack{H) then 

NSif) : iVfMi -> N§M, 
is a surjective map in Mack{G). 

Proof. Letting K^ be the kernel of /, we have a cofiber sequence 

UK -^ HM^ ^^ HM^ 

in Ho{Sph)- Theorem 1.5.9 of |U111] now implies that the cofiber of 
N§(n{f)) is 0-connected. D 

Now let M_ G Mack{H), and let "HM be a positive cofibrant model for 
the corresponding Eilenberg MacLane spectrum. Recalling that the 
free commutative ring spectrum on "HM is as below, 

CiHM) = 5 V KM V (7/M)^VS2 V ... 

we have a coretraction 

iM-nM^c{nM). 

Applying N^, we obtain a coretraction 

N§{lm) : N§HM -^ N§C{HM). 
Now A^^ on comrriH is left adjoint to the restriction functor 

Resji^ : comniG — ?■ commH, 
so we have 

N§C{nM) = C{G+ Ah HM). 
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Applying the functor ttq to N§{lm) and applying Corollary 
obtain another coretraction 



1.3 



we 



tg^ : N§M -^ T(IndgM). 

Our task is thus to identify the image of t^,^ . Note that the existence 
of this retraction implies the following, since T and Indj:^ preserve direct 
limits and reflexive coequalizers. 

Lemma 3.4. The norm construction on Mackey functors commutes 
with direct limits and reflexive coequalizers. 

For X G Tine let T^'"M{X) denote the subset of T(Ind|M)(X) 

whose elements are differences of pairs {G/H x V -^ V" — )■ X, m) such 
that u is of the form u = {ui, 0) under the correspondence below. 

Indg M{G/HxV) ^ M(Resg V) X M {{Res'^ {G/H)-H) x Resg V) 

This is equivalent to the corresponding map 

G+ Ah (S°°(Resg V)+) ^ S°°(G/i7 x V)+ A G+ Ah HM 

in Ho{Spg) being of the form G+ Ah (^i)- We shall write such elements 
as u = G X H Ui. It is clear that T'^'^ M_ is closed under transfers. That 
T*^'^M is closed under restrictions follows from the fact that, for any 
map of finite G-sets f : W ^ V, the diagram 

G/H X V ^^ V 



/, 



ix/ / 

G/H X W W 

I 7r2 

is a pullback. We can now identify the image of Lj^^ . 

Theorem 3.5. The image of Lj^j is T^'^M. That is, we have a 
natural isomorphism 

Proof. First we show that the image of ij^ is contained in T ' M. 
We begin by choosing a collection of finite if-sets T„ and a surjection 

/:©„[-,T„]^M. 



The map N^{f) is a surjection by Lemma 3.3, so it suffices to show the 
inclusion for ©a[ — ,Tq]. Letting A denote an arbitrary, finite subset of 
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so that ©, 
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Ta ■■= II r„ 



, Ta] = lini [ — , Ta\- Now the norm functor on Mack{H) 



comniutes with direct limits by Lemma [3^ Then, examining the com- 
mutative diagram below, 

lHS.^g([->^^]) '^"^'"""' hm T(Indg[-,T^]) 



iVf(lii^^[-,T^]) 



^IfV-.T^l 



T(Ind^(lii^^[-,T^])) 



we are reduced to the case of a represented Mackey functor 
need only check that the universal element of A^ ^ ( [ — , T] ) = 



maps into T ■ ([ — ,T]). By Proposition 2.15 and Corollary 3.2 



,T]. We 
J1§T] 
we 



+;> 



may work with the spectra N§{FiS^ A T+) and C{FiS^ A (G x^ T) 
rather than iVf7/([-,T]) and C(G+ Aj^ 7{([- ,T])). Here, Fi^^ de 
notes the free orthogonal spectrum on S^ in level M}. Denoting by nn 
the (i7-equivariant) projection below, 

rtH : Res|(iV|T) ^ T 

one can now see directly that our universal element maps to the norm 
of the composite 

FiS^ A {G/H X N§T)+ = G+ Ah {FiS^ A Res%{N§T)+) 

along the projection 

TT2 : G/i/ X N^T -^ N§T. 

It remains to show that i^ maps onto T'^'^A£. It suffices to show 

that the pairs {G/H x V -^ V — )■ X, -u) with u = G x^ Ui are in 
the image. Such an element is tj of {G/H x V —^ V — > V,u), so 
we may assume that V = X and j = Idy- Observe that we have an 
isomorphism of G-sets as below. 

N§{Res%V) ^V^l^ 

{%h} ^ {gi ■ Vg^HJ 
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We then have a map 

Av-.V ^N§{Res%V) 

which is adjoint to G/H — )■ * under this identification. Note that the 
composite 

Res| V ^^^^ Resg iVf (Resg V) ^ Resg V 

is the identity on Resj^^ V, and that the diagram below is a puUback. 

(3.6) G/HxV ^V 

IxAv 

G/H X N§iRes% V) -^^ iVf (Resg V) 

Now \et u = GxhUi with Ui G M(Res^ V). The first part of the proof 
imphes that the element 

(G/if xiV|(Resg \/)^iV|(Resg \^)^iVf (Res| K), GxhK^K))) 

is in the image of t^^ . In fact, it is the image of the universal element 
under the composite 

[ - , ATf (Resg r)] - Ar|([ - , Resg r])^^^^^Ar|M ^ T(Indg M). 



Thus, r/^y of this element is also in the image, but since the diagram 3.6 
is a puUback this is equal to 

(G/H xV^V^V,Gxh (rR,,gA^r.,(wi))). 

Finally, since ttu o Res^ Ay is the identity, we have 



G Xh (^Resg Av^^il("l)) =GXhUi 



u. 



U 



Remark: Note that we now have a description of the norm that 
makes no mention of a set of coset representatives. In fact, given any 
two sets of coset representatives, there is a natural isomorphism be- 
tween the corresponding norm functors, and this isomorphism fits into 
a commutative triangle with the corresponding maps l^^ . 

Next we examine the geometric fixed points of the norm, using the 
description given in Theorem 2.16[ Consider 



Ind% M = no{G+ Ah nM), 

and let K he a subgroup of G. One can see topologically that the 
geometric fixed points $^ of this Mackey functor are zero unless K is 
subconjugate to H. Now suppose K is subconjugate to H. If l-ft'l is 
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smaller than \H\, then \G/ K\ > \G/H\. Otherwise K is conjugate to 
H. Again, one can see topologically that 

$^(Ind|M) = ^"M, 

W{H) 

where the Weyl group W{H) acts by permuting the summands. Hence 
we have 

^^{lnd%M)/W{H) ^ $^M. 



Choosing H to represent its conjugacy class, Theorem |2. 16| gives 
<l>^T(Ind|M) ^Z©$^M©..., 

where Z is in degree zero, $'^M is in degree \G/H\ and the other terms 
have higher degree. It follows from Corollary 2.17 that the summand 
$^M is $^Tl^/^l(Ind|M). Now the composite 



G,H 

M 



L 



: N^M ^ T^'^M ^ Tl^/^l(IndgM) 



is a coretraction, so by applying the functor ^'^ we obtain another 
coretraction 

We can now identify the geometric fixed points of the norm. 
Proposition 3.7. There is a natural isomorphism 

Proof. We know that this map is a natural coretraction. Hence, since 
$^ preserves direct sums and cokernels, so does ^'^N^. Expressing an 
arbitrary M as a cokernel of a map between direct sums of represented 
Mackey functors then reduces us to the case M = [ — , H/K], where K 
is a subgroup of H. We have the following. 

<l>^iVf ([-,i7/K]) = <|.^([-,iV|(if/ir)]) = Z{{N^iH/K)f} 
^"{[-,H/K])=Z{{H/Kf] 

Now, for arbitrary if-sets T there is a natural isomorphism 

{N'^Tf = T". 

Hence, when K ^ H both groups are zero, and when K = H the map 
is a coretraction from Z to Z, and therefore an isomorphism. D 
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Remark: One can trace through the arguments above to find the 
inverse isomorphism 

It is induced by the function indicated below (which is not a honio- 
morphism) . 

M{H/H) -^ N^M{G/G) 

(^° A -HM) ^ (5° ^ N^S' ^^ N^-HM) 
Remark: For arbitrary X G Ho{Sph) there is a natural isomorphism 

in Ho(Sp). See [HHR] . 

4. A G-Symmetric Monoidal Structure on Mackey 

Functors 

In this section we put a G-symmetric monoidal structure on Mack{G), 
and give an algebraic description. A G-symmetric monoidal structure 
is, roughly speaking, a symmetric monoidal structure with additional 
data that allows us to form iterated monoidal products where the group 
G acts on the factors. If C is any symmetric monoidal category, then 
the category of G-objects in C, which we denote by GC, has a G- 
symmetric monoidal structure. Letting T be an arbitrary finite G-set 
and X G GC, we define 



X«^ :=(^X, 

teT 
with G acting by permuting the factors and simultaneously acting on 
each factor. Now Spc is equivalent to the category of G-objects in Sp, 
so we can define a G-symmetric monoidal structure on Spc by 

(X,T) ^X^^. 

To analyze this homotopically, we begin by breaking T down into orbits. 
If T = ]J^ G/Hi, then we have a natural isomorphism 

X^ = f\X^^/^\ 

i 

Furthermore, by choosing sets of coset representatives {gtj} for each of 
the G/Hi^s, we obtain natural isomorphisms which we indicate below. 

iVf Resg X ^ X^^/^' 
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Combining the above two isomorphisms, we find 

X^ = /\iN§^Res%X). 

i 

Since norm functors preserve cofibrancy and weak equivalences between 
cofibrant spectra, we have the following. 

Lemma 4.1. For any finite G-set T the functor 

preserves cofibrancy and weak equivalences between cofibrant G-spectra. 



Lemma 3.1 implies the following. 

Corollary 4.2. If f : X ^ Y is a map of cofibrant, {—!)- connected 
spectra which induces an isomorphism on tTq, then /^^ induces an iso- 
morphism on tTq. 

Hence, for any T G J-'inc we can define a functor as below, 

( - )®^ : Mack{G) -> Mack{G) 

M ^ iLoiHMf^ 

and if T = ]J^ G/Hi then we have a natural isomorphism 

i 

We obtain the following by considering Postnikov sections Post^. 

Corollary 4.3. For cofibrant, [—1)- connected spectra X there is a nat- 
ural isomorphism 

It follows that ( — )®"^ preserves ordinary tensor products. Next, for 
any X G J^iuc one easily calculates that 

Hence, we obtain 

[-,xr-[-,x^]. 

Also, since tensor products of surjections in Mack{G) are surjective. 



Lemma 3^ implies the following. 

Lemma 4.4. /// : M^^ — )■ M ^ is a surjective map in Mack{G) and T 
is any finite G-set then 

is surjective. 
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Now let T = ]Jj G/ Hi. Since the norm functors N^. commute with 
direct hmits and reflexive coequalizers by Lemma 3^, and tensor prod- 
ucts preserve these, we obtain the following. 

Lemma 4.5. For any finite G-set T the functor ( — )'^'^ commutes with 
direct limits and reflexive coequalizers in Mack{G). 

Now let M G Mack{G), and let HM be a positive cofibrant model for 
the corresponding Eilenberg MacLane spectrum. Just as in Section [3} 
we have a coretraction 

LM-nM-^CiHM). 

Letting T G J^inc and applying the functor ( — )^"^, we obtain a core- 
traction 

Applying the functor tTq and applying Corollary |1.3| we obtain another 
coretraction 

4:M®^->T(M®[-,r]). 

Our task is thus to identify the image of tj^. 

For X e J^inc let T^M(X) denote the subset of T(M ® [ - , T])(X) 
whose elements are differences of pairs of the form 

where u is in the image of the natural map below, which we shall call 
the slant map. Here, A denotes the diagonal map of T. 

S^l : my X T) -> (M® [-,T])(F X T) 

These correspond topologically to maps u : S°°(l^ x T)_|_ — )■ TiM A T+ 
that are of the form 

S°°(V X T)+ ^""^^"""^S S°°(V X T)+ A T+ ^ -HM A T+ 

in Ho{Spg)- It is clear that T'^M_ is closed under transfers. That 
it is closed under restrictions follows from the fact that, for any map 
f : W ^ V oi finite G-sets, the diagram 

A A 

/xl / 

W xT ^V7 

is a pullback. We can now identify the image of i^. 
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Theorem 4.6. The image of l\j is T^M. That is, we have a natural 
isomorphism 



I'll ■ M®'^ ^ T^M. 



Proof. First we show that the image of l\j is contained in T^M. Using 



the same argument as in the first part of the proof of Theorem 3.5 



and using Lemmas AA_ and |4.5[ we are reduced to the case of a repre- 
sented Mackey functor [ — , X] . We need only check that the universal 
ele ment o f [ - , X]®^ = [- , X^] maps into T^([ - , X]). By Proposi 
tion 



2.15 and Corollary 4.3, we may work with the spectra (Fi5'^AX) 



AT 



and C(FiS'^ A (X X r)+), rather than the spectra (?/([- ,X]))'^'^ and 
C('H([— , X]) A T+). Denoting by evx,T the evaluation map 

evx,T : X^ X T ^ X, 

one can now see directly that our universal element maps to the norm 
of the composite 

F,S' A (X^ X T)^ ^A((e..,.xl)o(lxA)),^ ^^^, ^ ^^ ^ ^^^ 

-^ C{FiS^ A (X X T)+) 
along the projection 

TTi : X^ X T ^ X^. 
That is, our universal element maps to the pair 

{X^xT^X^^ X^,S^:;^^{evx,T)). 

It remains to show that i|^ maps onto T"^M. It suffices to show 

that the image contains the pairs {V x T -^ V ^ W,u) where u is 
in the image of the slant map. Of course, the image is closed under 
transfers, so we may assume that W = V and j = Idy- Suppose that 
u = Sj^ (wi). The element Ui G M(V" x T) corresponds to a unique 
map of Mackey functors [ — , l^ x T] — )■ M_. Naturality and the first 
part of the proof (putting X = V xT) then imply that the pair 

{{V xTfxT^iVx Tf ^ {V X T)^,5f ^^)"'^(w,,,,(«i))) 
is in the image. Now let coevv,T denote the "coevaluation" map below. 

coevv,T -.V ^ {V xTf 
V \-^ (t \-^ {v,t)) 
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Applying VcoevvT ^^ ^^e pair above, and using the fact that the diagram 



VxT ^^ ^V 



coevy T X 1 



coevyx 



(VxTrxT^^iVxTf 
is a pullback, we get that the pair below is in the image. 

We have the identity rcoevv,Txi ° '^m '^ = '^m^ ° '^coe^vjxi, and one 
easily checks that evvxT,T ° {coevy^T x 1) = IdyxT so that we have 
rcoevv,Txi'>^evvxT,T = l' Thus wc havc 

^{VxT)T,Tf , .. _ ,rV,T( ^ _ 

D 

Remark: The slant map has a left inverse. Any T G J^inc has a 
unique map tt : T — )■ * to the terminal object. The left inverse of the 
slant map is induced by the composite below. 

M®[-,T] '""''"'> M0[-,*] ^M 

This is due to the fact that the composite T — > T x T -^ T is Id^- 
Remark: Another G-symmetric monoidal structure on Mack{G) is 
constructed in [MazJ , where it is also shown that a Mackey functor M_ 
defines a functor 

J^inc -)■ Mack{G) 

with respect to this other G-symmetric monoidal structure if and only 
if M is a Tambara functor. It is an open question whether these two 
G-symmetric monoidal structures are the same. 

5. Intrinsic Descriptions 

5.1. G-Symmetric Monoidal Structure. While the above descrip- 
tion is complete, it is unsatisfying since it does not give intrinsic gen- 
erators and relations. We now give such a description. First, for any 
map f : W ^ V X T oi finite G-sets, let the following diagram be 
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exponential. 

(5.1) D{W,f,V)xT 

e 

W 



71"! 



DiWJ,V) 
p 

Y 

^V 



V xT 



We can now give our definition. 

Definition 5.2. Let T G Tine and M G Mack{G). For any finite 
G-set X we define F{T,M_){X) to be the quotient of the free abehan 

group on the pairs {V ^ X,u & M.{V ^ T)), where j is a map in J^inc, 
by the relations 

(i) {V -^ X,u) = {V — > X, u') when there is a commutative diagram 



V 



X 




v 



such that / is an isomorphism and Tf^iiu) = u' 

(Vi ^ X,ui) + iV2 A X,U2), and 
{D{WJ,V) ^ X,re{w)) for any G-map 



(ii) {V,UV2^^X,{u,,U2)) 



J2, 



(iii) (v A x,t;H) 



f : W ^ V X T, where D(W^ /, V), p and e are as in 5.1 



We define restrictions and transfers for F{T,M_) as follows. Transfers 
are defined on the generators by composition; it is clear that these are 
well-defined and additive. If / : F — )■ X is a map in J-'inc, we define 

rf{{V — )■ X, u)) to be (P — ?■ Y, rqxi{u)), where the diagram 




is a pullback. Lemma 2^ implies that this is well-defined. To show 
that coproducts of G-sets are converted into products, one may argue 
as in Section [2] with sTq and sT; imposing the first two relations in 
Definition |5.2| yields a Mackey functor, and then the third relation for 
X = Xi ]J X2 becomes the product of the relations for Xi and X2. This 
argument uses the fact that D{V x T,Id,V) = V. Hence, F{T,M) is 
a Mackey functor. 
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Next, we define a natural map G^ : F{T, — ) — )■ T"^ as below. 
eJf(X) : F(r,M)(X) -^ T^M(X) 
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{V ^X,u)^{VxT 



vri 



V^X,Sl^{ 



u)) 



To show that this map respects relation (iii) of Definition |5. 2 we pro- 
ceed as follows. Let f : W ^ V x T he a. G-map. Then since the 
diagram below is a pullback, 



W 



lXTT2f 



f 

V xT 



IxA 



^W xT 

/xl 

^V xTxT 



we have the following for w G M(W). 

= riy^Atfxiiw IS) Idr) 

It follows that in T^M, the element {VxT^vUx,SY {tf{w))) is 

equal to {D{WJ,V) xT ^ D{WJ,V) ^ X,r,n^^,f{w ® Ut)). 
Now one easily checks that the diagram below commutes, 



D{WJ,V)xT 

IxA 

D{WJ,V)xTxT 



W 



exl 



lX7r2/ 

^W xT 



so we have the following. 

rerixn2f{ui ® Mt) = rixA^exilw ® /c/t) = rixA(re(w) ® /<iT) 

It follows that O'^ is a well-defined, natural map of Mackey functors. It 
is also clear that it is surjective. We shall prove the following theorem. 

Theorem 5.3. For any T G Fine the map <d^ is an isomorphism. 

We shall proceed by induction on the order of G. First we check that 
F{T, — ) restricts appropriately. Let i7 be a subgroup of G. To define 
Res|F(T,M)(X) = F{T,M){G Xh X) we begin with the generators 

{V UGxhX.uE M{V X T)). Now j identifies 1/ as G x^ V, where 
V = j-\X), so that VxT={GxhV')xT = Gxh{V'x Resg T). 
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Thus, u is an element of A£_{G x^ (V' x HeSf^T)), which is equal to 
^eSff A£{V' X KesjjT). Thus we have a natural isomorphism 

Res| F{T, M) = F(Resg T, Resg M). 

We know topologically that T^ must also restrict appropriately, 
fact, for any if -set V we have a commutative diagram as below. 



In 



M{{GxhV) xT) 



(M®[-,T])((Gx^K)xT) 



.G 



M 



G . 



Res^ M{V X Res^ T) p (Res^ M [ - , Res^ T]){V x Res}^ T) 



Rcsg- M 



Hence, we obtain a commutative diagram of natural maps as below. 
(5.4) Res| F{T, - ) ^- F(Res| T, Resg( - )) 



Resg e^ 



e*^ 






Resg T^ 



ji 



We now show that Q^ is an isomorphism on representable Mackey 
functors. 

Lemma 5.5. For any Z G J^inc, the map QT_ ^, is an isomorphism. 

we may assume inductively that Qj ^, is an 



5.4 



.z] 



Proof. In view of 

isomorphism at G/H f or al l proper subgroups H of G. Next, recall from 

the proof of Theorem 4.6 that T"^([ — ,Z]) = [ — ,Z'^] with universal 

element 



'Z^xT^ Z^ 



Z\S' 



Thus, QT_ ^, has a section, defined by sending the above universal 
element to 

{Z"" ^Z^,evz,T). 

It suffices to show that this section is surjective. Our inductive hy- 
pothesis implies that it is surjective at G/H when H ^ G, and so it is 
surjective on sub-Mackey functors generated by these levels. The Five 
Lemma now implies that it suffices to show that the section is surjec- 
tive on geometric fixed points. This is equivalent to the statement that 
$*^(6?1 ^i) is an isomorphism. Hence we consider $'^F(T, M) for an 
arbitrary Mackey functor M (this will help to separate out the salient 
points). Any generator {V — ;■ *, u) with V an orbit is a transfer, unless 
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V = *. In this case u G M^(T). Breaking T down into orbits to obtain 
^ — Hi G/Hi, we obtain a surjection 

Z{y^M{G/Hi)} -^ ^^F{T,M). 

i 

To see that this map factors through ^iM_{G/Hi), we apply for each 
i the relation coming from the "fold" map TY[G/Hi — )■ T. To see 
that it then factors through ^i^^' (Af) , we apply for each i and proper 
subgroup K C Hi the relation coming from the map below, 

(U,y. G/H,) U G/K ^^ (U,^, G/H,) U G/H, = T 

where vr : G/K — t- G/ Hi denotes the canonical projection. Hence we 
have a surjection 

(5.6) 0$^'(M) -^ ^^F{T,M). 

i 

Now we have <l>^'([- , Z]) = Z{Z^-}, so that 



It follows that the rank of $^F(T, [ - , Z]) is at most #(Z'^)'^, and that 
$^F(T, [- , Z]) is free if it attains this rank. Since <I>^(T^([- , Z])) is 
a free abelian group of precisely this rank, the surjection (^^{Qj_ ^,) 
must be an isomorphism. D 

Next, we dispose of two special cases. 

Lemma 5.7. When T = ili we have Fi/Ji, -) = A. When T ^ ^ we 
haveF{T,0) = 0. 

Proof. First take T = 0. Then for any pair {V — )• X, u) we have 
u G M(0) = 0, so that -u = 0. Examining Definition 5.2[ we see that 



relation (iii) is trivial, because for any map f : W ^ V ^ T 
we have W = ^, and hence D{W., f,V) = V. Hence the element u 
is redundant, and F(0,M)(X) can be described as the Grothendieck 
group of isomorphism classes of G-maps V -^ X. For the second part, 

take T 7^ and M = 0. Consider a pair {V -^ -^,0). We can regard 
this as the transfer of along z : — )■ \^xT. Assuming V is nonempty, 
the fibers oi tti : V x T -^ V are nonempty, so we have -D(0, i,V) = ^ 

(this also holds for V = ^). Thus, the pair {V — ?■ X, 0) is equivalent to 
(0 — 7- X, 0), which is zero. D 

The second part of the lemma implies the following. 



34 JOHN ULLMAN 

Corollary 5.8. When T ^ (Is the functor F{T, 



preserves zero maps. 



We now turn our attention to nionoidal pairings. Let Ti and T2 be finite 
G-sets. We have a natural isomorphism T^^M (g) T^^M -^ T'^iU'^^M. 
One computes the pairing below. 

T^W(Xi) O T^W(X2) -^ T^iU^W(Xi X X2) 

(1^^ X Ti ^ Vi ii> Xi,5f ^^K)) ® (V^2 X T2 ^ \/2 ^ X2,52'^^(«2)) 

H^ (1^1 X \/2 X (Ti 117^2) ^ V^i X F2 ^^ ^1 X X2, 



S 



VixV2,TiUT2 



M 



((^-VlxTi(Wl),^-V2XT2(W2)))) 



Hence, we define a pairing F(Ti,M) ® F{T2,M) -^ F{TiY[T2,M) 
analogously, as below. 

F(Ti,M)(Xi) ® F(T2,M)(X2) ^ F(TiUT2,M)(Xi x X2) 



(\/i AXi,ni)®(V^2^X2,M2) 

H> (Vi X V2 ^^^ Xi X X2, {r^y^,^^{ui),r^^^^^^{u2))) 

We must show that this is well-defined. 

Proposition 5.9. There is a natural, associative and commutative sys- 
tem of pairings F{Ti,M_) ^ F{T2,M_) — > F(Ti]jT2,M) making the 
following diagrams commute. 

F{Ti,M) ® F(T2, M) F(Ti JJ T2, M) 



eS®©M 



T^^M^T^^M 



^jTiUT2M 



Proof. We need only show that our pairing is compatible with relation 



iii) of Definition 5.2; the other parts are trivial to check. Given pairs 



{Vi -^ Xi,Ui) for i = 1,2, suppose that Ui = tf^{wi) for some map 
/i : Wi -^ Vi X Ti. Now note that the diagram below is exponential, 
where we let D^ := D{Wi, /i, Vi). 



DixV2x{T,UT2) 



(exlolXT)]J(pxlxl) 



1^1X^2 

pxl 



WiXV2Uyi^V2y<T2 ^ViXV2X(TiUT2) -1/iX\/2 

i ^ LA i i ^(lXT0/iXl)Ul ^ V i J_l ^; TTl i ^ 
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Now (r^v-ixTi(«i)>^^v2xT2(«2)) is the transfer of {r^y^^{wi),r^y^^^^{u2)), 
so the above diagram tells us that 

A symmetrical argument applies to U2. □ 

Next we require an easy statement about direct limits. 

Lemma 5.10. For any T G Tine, the functor F{T, — ) commutes 
with direct limits. 



Combined with Lemma |4.5| and the fact that every Mackey functor 
is the direct limit of its finitely generated sub-Mackey functors, this 
reduces Theorem 5.3 to the following lemma. 

Lemma 5.11. For any T G Tine and finitely generated M_ G Mack{G), 
the map Q\j is an isomorphism. 



Proof. By Lemma 5.7 we may assume that T 7^ 0. Since M_ is finitely 
generated, there is an exact sequence as below. 

[-,f]4[-,z]Am^o 

Now let Y' and Z' denote fibrant replacements for S°°y+ and E°°Z+, 
respectively. Let a be represented by a' : F' — t- Z' , and let Z" denote 
the mapping cone of a' . Then the inclusion Y' — )■ Z" is a cofibration 
and we have M = tx_^<^Z" jY'), so that M®^ = Ti_^{Z" jY'Y^ . Next, let 
dyiZ" denote the i-coskeleton of Z" with respect to Y' . We have 
a sequence of cofibrations 

with quotients as below for i = l,...,|T| — 1, where the wedge sum is 
indexed. 

(5.12) d^.z"''^/d^^z"'''^ ^ \l r^^ A (z'vr)^^-^ 

5'CT,|S|=J 

Now, for « = 1, ..., \T\ we have maps 

5CT,|S|>i 



Combining 5.12 with Lemma 4.4, one easily sees by downward induc- 
tion on i that these maps are surjective on vtq. Letting {Sj} be a 
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complete set of orbit representatives for the nonempty subsets of T, 
and Hj the stabihzer of Sj, we obtain an exact sequence as below, 



5T /3 



®T 



> M®^ -^ 



where the first map on the j'th summand is adjoint to (Res^. a)®^^ ®1. 
We now obtain the commutative square below, where we have simplified 
by omitting the notation for the restriction functors. 

eJndgiF(5,,[-,r])®F(T-5,,[-,Z]))^F(T,[-,Z]) 



B.indg^.Cefi 



T-Sa , 

5©[-,ii) 



e? 



,z] 



e^.Ind|^,(T^^([-,r])®T^-^^([-,Z])) -T^([-,^]) 

Now it is clear from the definition that F{T^ — ) preserves surjections, 
so it suffices to show that the composite of the top map in the above di- 
agram with F{T, /3) is zero. For each j, we check this by examining the 
following commutative diagram; we have again omitted the notation 
for the restriction functors, and have abbreviated [ — , 1^] and [ — , Z] 
by Y and Z, respectively, to further reduce clutter. 



F{Sj,Y)0F{T-Sj, zf^-^^'F{Sj, Z)®F{T-S,, Z) 



F{Sj,P)(8F(T-Sj,l3) 



-F{T,Z) 




F(5j,0)(g)F(T-S 



F(T,/3) 



F{Sj,M)®F{T-Sj,M) ^F{T,M) 



The map in question is the composite along the top and right sides 
Since ^(5*^,0) = by Corollary 5.8, this composite is zero. 



D 



We have completed the proof of Theorem 5.3 Combining this with 



Proposition 5.9 we obtain the following. 



Corollary 5.13. The maps F{Ti,M) ® F(T2,M) ^ F{TiY[T2,M) 
form an associative, commutative and unital system of natural isomor- 
phisms. There is a natural isomorphism as below. 

F{*,M) ^ M 
{V ^X,u) ^tj{u) 
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Corollary 5.14. If T = UiG/Hi then for any M e Mack{G) the 
map shown below is an isomorphism. 



i 

®iN ^ [(* ^ *' ><iUi)] 



Proof. This map is the same as 5.6 from the proof of Lemma 5.5 



We know it is a surjection, and an isomorphism when M is repre- 
sentable. It is trivially an isomorphism when T = 0. Suppose that 
T = TiY[T2- Letting Ti = UiG/Hi^i and Ta ^ Uj G'/i^2j so that 
T = {Y[iG/Hii)Y[{Y[.G/H2j), one easily sees that the diagram be- 
low commutes. 




(!>^F{T,M) 

Thus, it suffices to prove the statement for T = G/H an orbit. In this 
case we have ^^F{G/H,M) = ^^N§{Res%M) = $^M, so both the 
source and target of fi^ are right exact, additive functors. Hence we 
are reduced to the case where M is represent able, which is handled in 



the proof of Lemma |5.5[ D 

We can describe $'-^F(T, M) in a canonical way, as follows. We first 
form the free abelian group on M{T). Then, for any G-map f : W ^ T, 
we impose the relation below. 

j:T^WJoj=l 

Next, we know that there is a natural isomorphism of the form 

using the isomorphisms l^ and 0^. Letting (V" — )■ X, m) G F{T,M_), 
we compute {L^)^^{Q'^)^^(y — )■ X,u) as follows. First of all, this is tj 
of {L^)~^{Q'^)^^(y ^ V,u). Let u be represented by a map 

m:S°°(FxT)+^HM, 

where HM is cofibrant. Then {L^)^^{Q^)^^(y — )■ V,u) is represented 
by the map 
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such that the underlying nonequivariant map on the suniniand corre- 
sponding to f G V^ is 

We can indicate this schematically with the following. 



\[u{v,t) 



The following is now clear. 

Corollary 5.15. There is an associative and commutative system, of 
natural isomorphisms, as below. 

F{T, Ml) ® F{T, M2) ^ F{T, M^ ® M^) 

h^ {Vi X V2 ^^^ Xi X X2, rixixArixrxi(Mi ® M2)) 
There must also be a natural isomorphism as below. 

F(Ti,F(T2,M))^F(TixT2,M) 

We give a partial computation of this, as follows. An element of 
F(Ti, F(T2, M))(X) may be represented by a pair {V — )■ X, -u) with 
u G F{T2,M){y X ^i)- Suppose that u is represented by a pair 

{W — !> y X Ti,a;) with a; G M_(W x T2). Then we can represent -u 
schematically, as follows. 

wewj{w)=(v,ti) t2eT2 
Then (V ^ V, u) can be represented as below. 

^^ n ( E ( n ^(^'^2) 

tien uiew,/{«))=(i),ti) t2GT2 



E ( n n ^(s(^^,ti),t2) 



(i;,s)eD(VK,/y) tiGTi t2eT2 

It is not difficult to translate these formulas into topology. We obtain 
the following. In principle, a formula can be given for the case where u 
is a difference of pairs, but we shall not attempt to write it down here. 



SYMMETRIC POWERS AND NORMS OF MACKEY FUNCTORS 39 

Corollary 5.16. There is an associative and unital system of natural 
isomorphisms as below. The elements of the form below map as shown. 

F{Ti,F{T2,M)) ^ F{Ti x T2,M) 

{V^X,{W^VxTi, x)) ^ {D{W, /, V) ^ X, rexi(x)) 

Next we give an intrinsic description of the norm functor. 

5.2. Norm Functor. Fix a subgroup H of G, and a set of coset rep- 
resentatives for G/H, with 1 representing the identity coset. We shall 
freely identify G x^Resg V with V x G/H and G/H x V with V x G/H 
in this subsection, for convenience. Before we define our candidate for 
the norm functor, we introduce one small notation. If V G J^inc and 
W G J-'inn, and f : W ^ V is an if -map, we shall define Dh{W, /, V) 
by the following exponential diagram. 

(5.17) Dh{W, /, V^) X G/H ^^ Dh{W, /, V) 



1' 



GxhW V X G/H ^ V 

We also define an iif-map 

eH:DH{WJ,V)^W 

to be the restriction of e to Dh{W, /, V) x {H}. Thus e = G Xjj ch- 

Definition 5.18. Let M G Mack{H). For X G J'mG we define 
N^'^ M_{X) to be the quotient of the free abelian group on the pairs 

{y ^ X^u E M(ReSj|^ ^)), where j is a map in J-'iuQ, by the relations 
(i) (l^ ^^ X, u) = (y' — > X, u') when there is a commutative diagram 

V ^-^X 




f 

v 

such that / is an isomorphism and ^j^es^ /('^) — '^' •> 

(ii) (^1 11^2 ^^^ X, K,«2)) = (^1 ^ X,«i) + (1^2 ^ X,M2), and 
(iii) (\/ 4 X, tj(w)) = (^^(Vr, /, V) ^ X, re^(w)) for any H-set W 
and H-map f : W ^ Res| V^. 

We define transfers on the generators by composition and restrictions 



by pullback, as before. Lemma 2.3 implies that the restrictions are 



well-defined, and it is again easy to see that coproducts of finite G-sets 



40 JOHN ULLMAN 

are converted into products. Hence, we have a Mackey functor N^'^ M. 
Next, we define a natural map B'-^''^ : N'^'^ — )■ T"-^'"^ as below. 

{V 4 X, m) ^ {G/H xV ^V ^X,Gxhu) 
To see that this is a natural map of Mackey functors, we need only show 



that it respects relation (iii) of Definition 5.18, For this we apply 5.17 
supposing u = tf{w). We have G Xh u = tcxafiG Xh w), and also 
re{G Xh w) = rcxHeni^ ^H w) = G Xh {rejj{w)). Thus we have 

{G/H xV ^V ^X,Gxh (t/H)) 

~ {G/H X DniWJ^V) ^ DniWJ^V) i^ X,G x^ in„M)). 

It follows that Q^'^ is well-defined, and it is clear that it is surjective. 
We shall prove the following. 

Theorem 5.19. The natural map O*^'^ is an isomorphism. 

We shall require three lemmas. 

Lemma 5.20. For M_ G Mack{G), the natural isomorphisms 

Res|M(Res| V) ^ M{V x G/H) 

for V G Tine induce a natural isomorphism 

N^'" Resg M ^ F{G/H, M) . 

Proof. Let X G J-'inc- The generators for N^'^ Kes^ M(X) are given 

by pairs {V — )■ X,u) with u G Res^M(Res^ V), while the generators 
for F{G/H,M_){X) are given by such pairs with u G M(F x G/H). 
However, we have Res^ M(Res| l^) = M{V x G/H); hence, the gen- 
erators of the two groups are in bijection. To see that we have an 
isomorphism of groups, one need only check that the relations (iii) of 
Definitions |5.2| and |5.18 correspond under this identification. For this. 



let f : W ^ V X G/H be a G-map. Then / identifies W (canonically) 
as G Xh W, where W = f-\V x {H}), and we have f = G Xh f, 
where /' is the restriction of / to W. We now note the commutativity 
of the following diagram, and leave the rest up to the reader. 



*Gx^/' 



M{G Xh W) — ^^M{V X G/H) 



Resg M{W') —-^ Res| M(Res| V) 
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That these isomorphisms respect transfers is obvious. That they re- 
spect restrictions follows from the commutativity of the following dia- 
gram, supposing we have a map /c : P — )■ V in J^inc- 

M{V X G/H) —2i!l^ M{P X G/H) 



Res| M(Resg V) ^ ^ Res| M(Res| P) 

Res^ k 

D 

Next, one can use topology to define a map as below 

Gxni-) : M(Z) ^lnd%M{GxHZ) 

for M G Mack{H) and Z G Tinn, as well as an isomorphism 

Indg Res| M = M®[-, G/H] 

for M G Mack{G). Of course, algebraic descriptions can be given for 
these maps, but these are not needed for our purposes. We can now 
relate the above maps G Xh { — ) to the slant map. 

Lemma 5.21. For any M_ G Mack{G) and V G J^inc the following 
diagram commutes. 

Resg M(Res| vf-^^\nd% Resg M{V x G/H) 



my X G/H) ^^^ M ® [ - , G/H] {V X G/H) 

The proof, which is a simple topological calculation, is left to the reader. 
Next we note that T^'^ Res| M is contained in T(Ind| Resg M), while 
T^I^M is contained in T(M ® [ - , G/H]). We have the following. 

Lemma 5.22. For M^ G Mack{G), the natural isomorphism 

Indg Res| M^M(^[-, G/H] 

induces a natural isomorphism 

T^'" Resg M ^ T^'^M. 
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Proof. Let "HM be positive cofibrant. Utilizing our set of coset repre- 
sentatives, we obtain a commutative diagram as below. 

N§ Resg HM ^ N§C{Res% HM) -^^ C(G+ Ah (Res| HM)) 



-^C{nMAG/H^ 



The image in vTq of the top composite is T'-^''^ ReSj^^ M, while the image 
of the bottom composite is T'^^^ M^. The right vertical map is C of 
the canonical isomorphism G^ Ah (ReSjj- T-LM) = T-LM^ A G/H+, which 
induces the isomorphism Ind^ Res| M = M (g) [ - , G/H] . D 

Now every i7-Mackey functor is a retract of a restriction of a G-Mackey 
functor. In fact, M is canonically a retract of Resjj- Indjj^ M. Since 



retracts of isomorphisms are isomorphisms. Theorem 5.19 is reduced 
to the following. 

Lemma 5.23. For any M_ G Mack{G) the diagram below commutes, 



where the left vertical map is given by Lemma \5.20\ and the right vertical 
map is given by Lemma \5~i. 



qG,H 

N^'^ Res| M !!!£^ jG,h ^^^g ^ 



F{G/H, M) 



e 



G/H 



-^ T^/^M 



Proof. Let an element of N'-^'^ Kesn M be given by a pair (V^ — )■ X,u). 
Going around the diagram in either way, we obtain a pair with first 
coordinate as below. 

V X G/H ^V ^X 

The fact that we obtain the same second coordinate is precisely the 
content of Lemma 15.211 D 



We have completed the proof of Theorem 5.19 We now describe the 

geometric fixed points of this norm. A pair (V" — )■ *, m) with V an orbit 
is a transfer unless V = *. Then u G Res|M(*) ^ M{G/H). Hence 
we have a surjection as below. 

Z{M{G/H)} -^ ^^N^^^M 

[u] i-> [(* ^ *,u)] 
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To show that this map factors through $'^M, we examine relation 



(iii) of Definition 5.18 Let W be an if -set. Then the diagram below 
is exponential, where vr is the unique map W ^ * and tth is as in 
Section [H 

N§W X G/H ^ N§W 

Gxhtth 

GxhW ^ G/H ^ * 

Gxhtt 

Now the G-fixed points of N^W are the G/if -tuples where every ele- 
ment is some fixed w G W^ . Hence, letting W = (]J. *) Udlj H/Kj) 
with each Kj a proper subgroup of H, we obtain the relation below in 

i 

We have obtained a natural surjection as below. 

[u] H-). [(* ^ *,u)] 

Now we know that ^'^N'^'^ is naturally isomorphic to $'^, so the source 
and target oi fi'^'^ are right exact, additive functors. Thus, to check it is 
an isomorphism we need only consider representable Mackey functors. 
In case M_ = [ — ,X], we have a surjection of free abelian groups of 
rank #X^; hence, an isomorphism. 

Next we turn to monoidal pairings. We know that there is a natural 
isomorphism N'-''"M^(g)N^'^M2 = N^^^{M_i®Mj2)- To describe this 
algebraically, we first describe the elements of N^'^ M_ topologically. 
Let "HM be cofibrant, and suppose that u G M (Res^^ V) is represented 
by an if -map 

u : S°^(Resg V)+ -^ Resg HM 

Letting {gi} be our set of coset representatives for G/H, one calculates 
that the pair {G/H x V — ^ V ^ V,Gxhu) is represented by the 
G-niap 

whose underlying nonequivariant map on the wedge summand corre- 
sponding to t; G V is as below. 
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We can represent this schematically as below. 

V ^Ylu{g;^ -v) 

i 

One now obtains the following by an easy calculation. 

Corollary 5.24. There is a canonical isomorphism A ^ N^'^A send- 
ing the universal element to {* ^ *, 1). (More generally, for any finite 

H-set X there is an isomorphism [ — ,N§X] ^ N^'^{[ — ,X]) send- 
ing the universal element to {N^X ^ N'^X^'Kh)-) There is also an 
associative, commutative and unital natural isomorphism as below. 

(Vi ^ Xi, Ml) ® {V2 4 X2, U2) ^ (Vi X V2 ^i^ X^ X X2, Ml 8) U2) 

That is, the functor N^'^ is strong symmetric monoidal. 

Next let i^ be a subgroup of H, and choose a set {hi} of coset represen- 
tatives for H/K, with 1 representing the identity coset. Then {gihi} is 
a set of coset representatives for G/K, with 1 representing the identity 
coset, and we have a natural isomorphism of functors N^ = N^N^ on 
/f-spectra. Hence we have a natural isomorphism N^'^ = N^'^N^'^ 
on K-M&ckej functors. We give a partial computation of this, as fol- 
lows. Suppose an element of N^'^N^'^M_ is represented by a pair 

(y — )■ X,u), and that u is represented by a pair (W — )■ V,x). We can 
represent u schematically as below. 



M H- )■ y Y\^i^i ^ ■ ^) 



w£W,f{w)=v I 



Then [V — )■ V, u) can be represented as below, 

(v,s)&DH(Wjy) i I 

where Wi^y is such that [gi,Wi^v\ = s{v,giH). This implies that we have 
Wi,v = ^nigi^ ■ {v,s)), so that 

x{h^^ ■ Wi^^) = x{hj^ ■ enigl^ ' (^' s))) = re„{x){{gihiy^ ■ {v, s)). 

It is not difficult to translate this argument into topology. The result 
is the following. In principle, one could write down a formula for the 
case where -u is a difference of pairs, but we shall not do so here. 
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Corollary 5.25. There is an associative system of natural isomor- 
phisms of symmetric monoidal functors N'^'^N^'^ = N'^'^ . The ele- 
ments of the form below map as shown. 

Now, since there is an isomorphism {N§X)^'^ = N§{X^^''''n'^) for 
if-spectra X and T G J^inc, indicated schematically below, 

(5.26) (Ar|x)^^^Arf(X^R<^) 

Ai Ai Xt,i ^ Ai At Xg^.t,i 
we have a canonical isomorphism as below. 

F(T, N^'"M_) ^ N^'"F{Res^ T, M) 

We give a partial computation of this, as follows. Consider an element 
of F(T, N'^'^M) represented by a pair (V^ — )■ X,u), where u is equal 
to {W -^VxT,x). Then we can represent u schematically, as below. 

{v,t)^ Y, Y[<97^-w) 

w£W,f{w)={v,t) i 

Then we can represent {V ^ V, u) as below. 

teT w&WJ{w)={v,t) i 

= E UU'^^a;' ■ s{v,t)) 

{v,s)&D{W,f,V) t£T i 

Careful examination of |5.26 yields the following. 

Ullxig-' ■ s{v,t)) = l[l[x{gr' ■ s{v,g,-t)) 

teT i i teT 

We also have g~^ ■ s{v, gi ■ t) = {g~^ ■ s){g^^ ■ v,t), so that 

x{g7^ -siv^gi-t)) = re{x){g^^ ■{v,s),t). 

Thus we obtain the following. Again, when m is a difference of pairs 
one could obtain a formula, but we shall not do so here. 

Corollary 5.27. There is an associative and unital system of natural 
isomorphisms F{T,N^'"M) = A^^'^F(Res| T,M). The elements of 
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the form below map as shown. 

F{T, N^'^M) ^ N^'"F{Res% T, M) 

{V ^X,{W ^VxT, x)) ^ {D{W, /, V) ^ X, 

( Res| D(W^, /, y) ^ Resg D(W-, /, V^), rR,,G ,(x))) 

In the next section we recap what we have learned about certain ho- 
niotopy groups of spectra. 

6. Multiplicative Push Forward and Homotopy Groups 

In this section we use m,ultiplicative push forwards to give pleasing de- 
scriptions of the homotopy groups of spectra which we have calculated. 
For any finite G-set X, we denote by Bg{X) the translation category of 
X, and let SpB^(^x) denote the category of functors from Bg{X) to Sp. 
If X = ]J^ G/Hi then we have an equivalence of categories as below. 

(6-1) Spt3^^x) = YlSpH, 

i 

We can put a model structure on this category which corresponds to 
the product of the stable (or positive stable) model structures under 
this equivalence. Note that the result does not depend on the choice of 
orbit representatives. A map F — )■ Z in Spisq{x) is a weak equivalence 
(fibration) if and only if all the maps Y{x) — )■ Z{x) in Spc^ for x E X 
are weak equivalences (fibrations). 

Now, any map f : U -^ V induces a functor / : Bg{U) — )■ Bg{V), so 
by precomposition we have a pullback functor as below. 

/* : Spbg(V) -^ SpBa{U) 
Under appropriate equivalences |6.1[ this corresponds to a product of 



restriction functors, so it preserves fibrations and trivial fibrations. It 
also has a left adjoint, which we call additive push forward, obtained 
by taking wedge sums over fibers as below. 

/* : SpBa{U) -^ SpBciV) 
(u ^ Xu) ^ (v^ \/uef-^v)Xu) 



Under appropriate equivalences 6.1 , in each factor this is a wedge of in- 



duction functors. Hence (/^,, /*) is a Quillen pair. (In fact, /* preserves 
(trivial) cofibrations as well.) We may similarly define the multiplica- 
tive push forward as below. 

A : SpBa{U) -> SpBaiV) 

{u t-^ Xu) ^ {v ^ Auef-i{v)Xu) 
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Under appropriate equivalences 6.1 , in each factor this is a smash prod 



uct of norm functors, so it preserves (positive) cofibrancy and weak 
equivalences between cofibrant objects. Hence, it is left derivable. 

Next note that S'pgg(*) = Spc- If V^ is a G-set and vr : V^ — )■ * is 
the unique map to a point, then we have tt*X{v) = X for all v & V. 
We denote this i3G'(V^)-diagram by constyX. Hence, {tt^, consty) is a 
Quillen pair. We note the following easy facts. 

(i) Utt-.V -^* then 7r,{constvS^) = S°^\/+. 
(ii) Iii:U^V then i^{constuS^) = constyS". 
(iii) li n^ = 7ii : V X T -^ V then 7rJ(consVxT^) = constyX^^. 
Part (i) gives an adjunction isomorphism as below. 

[S°°14,X] = [constyS°,constyX] 

Hence we can define maps 



IT 



^ : ILoXiV X T) ^ 7roX^^(V) 



as below, where on the bottom right we have used (ii) and (iii) 
7roX(F xT) "^ -vroX^^(y) 



>' 



[constyxT'S'°, constyxT^] ^ [constyS'^, constyX 



ATI 



With this notation and the calculations in Subsection 5.1, we obtain 
the following. 

Theorem 6.2. Let M_ G Mack(G), and let T and X be finite G-sets. 

Let Z{T,M_,X) be the free abelian group on the pairs {V — )■ X,u), 
where j is a map in Tine and u G MiY ^ T). Then the map 

Z{T,M,X) -^ 7ro(HM)^^(X) 

{V^X,u)^t,{7il{u)) 
is a surjection. The kernel is generated by the relations 
(i) (y — )■ X, m) = iy' — )■ X, u') when there is a commutative diagram 

V ^-^X 

f 

v 

such that f is an isomorphism and rjxi(w) = u' , 
(ti) {V1UV2 ^^^ X, (mi,M2)) = [V^ ^ X,u{) + {V2 4 X,U2), and 
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(in) {V — )> X,tf{w)) = {D — > X,re{w)) for any map of finite G-sets 
f : W ^ V X T, where D, p and e are as in the exponential 
diagram below. 

D xT — ^D 



W ^V xT ^V 

f wT 

To describe the norm functor, we begin by noting that, for any G-set 
V and subgroup H C G, we have a canonical inclusion 

BniRes'^V) C Bg{G/H x V) 

corresponding to the identity coset, and this is an equivalence. We 
obtain an equivalence of categories as below. 

Spbg(g/hxV) ^ 'S'PBff(Rcsgy) 

After choosing a set of coset representatives {gi} for G/H (with 1 
representing the identity coset), we obtain an inverse equivalence by 
using the contraction below. 

Bg{G/H xV)^ BH(Res% V) 

{9iH,v) ^ gi^ -v 

Applying this equivalence to const j^^gC yX for some iJ-spectrum X, we 

obtain a ^^^(G/iJx \/)-diagram which we shall denote by const ^'ij^^yX. 

Note the following. 

(i) The diagram const ^\jj^yS^ is equal to constc/HxvS^^ since S^ 

has trivial action, 
(ii) If Ti'^/^ = 712 '■ G/H xV^V then we have an isomorphism 



TT^^^iconst'^fj^^yX) = constyN^X. 



Thus, for iJ-spectra X and G-sets V we obtain a map 

Trf '^ : 7roX(Resg V) ^ n,N§XiV) 
as below, where we use (i) on left and (ii) on the right. 

7roX(Res| V) ^1- _ _ _ . n,N§XiV) 



[constc/HxyS'^, const ^',jj^yX] ^ [constyS'^,constyN§X] 
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With this notation and the calculations in Subsection 5^, we obtain 
the following. 

Theorem 6.3. Let H be a subgroup of G , M^ E Mack{H) and X 
a finite G-set. Let Z^(M,X) be the free abelian group on the pairs 

{y — )■ X, m), with j a map in J-'inc and u G MfReSjj V). Then the 
map 



Gi 



Z^{M,X)-^KoK{HM){X) 



{V ^X,u)^tj\ 



n 



GMi 



U)) 



is a surjection. The kernel is generated by the relations 
(i) (y — )■ X, m) = (y' — )■ X, u') when there is a commutative diagram 



V 



v 



X 




such that f is an isomorphism and rj^ggC Au) = u' , 

(ii) {V1UV2 ^^^ X, (Ml, Us)) = (Fi ^ X,Mi) + {V2 ^ X,U2), and 
(ill) {V U X,tf{w)) = {D ^ X,rej^{w)) for any H-set W and 

H-map f : W -^ Res^ V, where D, p and en are as in the 

exponential diagram below. 



G/H X D 

GxHen 

GXhW 



jG/H 



D 



GxhJ 



G/H xV 



ttG/H 



V 



Finally, we can describe the symmetric powers of Mackey functors in 
similar terms. Let n > 0, and suppose that i : U ^ V is a G-niap of 
degree n. Then for any G-spectrum X we have a quotient map 

q' : ii,{constuX) -)■ constviX^"-/T.n)- 
Then we can define a map 
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n,X{U) * ^7ro(X^VS„)(\/) 



[constuS'^, constuX] 



,q'^]oi^ 



-^ [constv^°,consty(X^"/S„)] 



We can now restate the description from Section [2j 

Theorem 6.4. Let M G Mack{G), n > and X e J'inc. Let 

Z"'(M,X) be the free abelian group on the pairs {U ^ V ^^ X,u), 
where i and j are maps in J^iug, i has degree n and u G M_{U). Then 
the map 

Z"(M,X) ^7ro((HM)^7Sj(X) 

{U ^V ^X,u) ^tj{i^{u)) 
is a surjection. The kernel is generated by the relations 
(i) {U -k V ^ X,u) = {U' ^ V ^ X,u') whenever there is a 



commutative diagram 



U 



V 



X 




U' 



v 



such that f and g are isomorphisms and rf{u) = u' , 



(tt){U,Y[U2^^^VrY[V,^^^X,{m,U2)) = 

{Ui ^Vi^X, ui) + (f/2 ^V2^X, U2), and 

(ill) {U ^V ^ XMw)) = (A ^ B ^^ 
diagram 



X,rf{w)) whenever the 



W 



A 



U 



V 



B 



X 



joh 



is commutative and the rectangle is exponential. 

7. The Norm / Restriction Adjunctions for Tambara and 

semi-Tambara Functors 



One result of |U112| is that the norm functor on Mackey functors gives 
the left adjoint of restriction on Tambara functors. In this section, we 
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demonstrate this adjunction algebraically. We begin with restriction 
functors. Let H he a subgroup of G. Since the induction functor 

G Xff ( — ) : J'iriH —^ Fine 

preserves all colimits, as well as pullbacks and exponential diagrams, 
we may define a restriction functor 

Res| : Tamb{G) -^ Tamb{H). 

For a G-Tambara functor R, we define 

(ResgE). :=E.oGxh(-), 

just as with restrictions and transfers (this corresponds to topological 
restriction). As noted in |U112] . this functor has a right adjoint Indj^, 
defined similarly; however, we are interested in the left adjoint. 

In order to give norm maps to norms of ilf-Tambara functors, we 
must work with semi-Tambara functors and additive completion. For 
this purpose we introduce a norm construction on semi-Mackey functors 

sN^'" : sMack{H) -^ sMack{G). 

Let M e sMack{H) and X e Tine. We define sNq'^M{X) to be the 

set of isomorphism classes of pairs {V — )■ X,u), with j a map in J^inc 

and u E A£(ReSfj V), where (V — )■ X, u) is isomorphic to {V — )■ X', u') 
if and only if there is a commutative diagram 

V ^-^X 

f 

v 

such that / is an isomorphism and rj^esC Ju) = u' . We define transfers 
by composition and restrictions by puUback, as before. It is clear that 
we now have a semi-Mackey functor sNq ' M; addition is achieved by 
taking disjoint unions of V's, as below. 

^V, 4 X,u,) + {V2 4 X,u,) = (1^1 UV2 ^^^ X, {u„U2)) 

Next, we define siV^'^M(X) to be the quotient of sN^'" M_{X) by the 
smallest equivalence relation ~ such that, for any G-map j : l^ — )■ X, 
if -map f -.W ^ Res^ V and w G M{W), we have 

{V 4 X, tf{w)) ~ [DuiW, /, V) ^, r,,(«;)). 
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where Dh{W, f,V),p and en are as in the exponential diagram below. 



G/HxDH{W,f,V) 

GxHeH 

GXhW 



7r2 



-^DH{W,f,V) 



Gxaf 



-^ G/H X V 



■^2 



V 



Lemma 2^ implies that the restrictions descend to this quotient. That 
the transfers descend is trivial. It remains to verify that sN^'^M_ con- 
verts coproducts in J^inc into products. One sees that the equivalence 
relation on sN^'" MiX^ U X2) = sN^'" M{Xi) X sN^'" MiX2) corre- 
sponds to the product of the equivalence relations for Xi and X2. Note 
that when M is a Mackey functor, N'^'^ M_ is the additive completion 
of sN^'^M. 

Now suppose that R G sTainb{H). We define norm maps for sNq ' R 

as follows. Let / : X — )■ F be a G-map. To define nj of {V — )■ X, m), 
we form the exponential diagram 



E 



V 



X 



D 



Y 



and take nf{{y 4 X,m)) to be {D A l',^Resgfc'"Resge(«))- I* is clear 
that this is well-defined. Lemma |2.5| implies that this norm is func- 



torial, and Lemma |2.4| implies that the distributive law holds. The 
commutation of norms and restrictions follows from Lemma 12.31 

We must now show that these norm maps descend to sN'~^'^R. For 
this we point out the following interpretation of exponential diagrams. 
Let / : X — 7- y be a G-map. Then / induces a puUback functor as 
below. 

/* : J^tna/Y -^ Ttnc/X 
{V ^Y)^VxyX 

This functor has a right adjoint, namely {A — )■ X) 1— ?■ (]^^ . A — )■ F). 
In an exponential diagram as below. 



D XvX 



D 



A 



X 



Y 
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the map e is the counit of the adjunction. Hence we have an isomor- 
phism as below. 

Homjrina/Y{B, D) A Homjrir,a/x{B Xy X, A) 

j f-^eo (j Xy 1) 

Also, if A and B are iJ-sets over C, we have an isomorphism as below. 

Homjrin„/c{A, B) ^ Homjrin^/cxHc{G Xh A,G Xh B) 
j ^G XhJ 
We are now ready to prove the following. 
Lemma 7.1. The norm maps for sN^ ' R descend to sN ' R. 

Proof. Suppose given G-sets A, B and C, and an H-set F. Suppose 
we have maps a : A —^ B and b : B -^ C in J^inc, and a map 
f : F ^ KeSfj A in J-'inu- Now form the exponential diagram below. 

(7.2) 




Next form the pullback diagram below. 



(7.3) 



«2 



ResS J 



H 

Resg ji 



-^ Res)^ A 



It follows by Lemma |2.3| that the exponential diagram 

G/H X Dh{I, t2, J) Dh{I, t2, J) 



GxhI 



G/H X J 



J 



is the pullback of the exponential diagram below over ji. 

G/H X Dh{F, /, A) ^^ ^ Dh{F, /, A) 

Y Y 

GxhF ^ G/H X A ^ A 
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Hence we obtain two commutative squares as below (the left square is 
a pullback). 

(7.4) 



Dh{I,12,J)^^^J 



Res^ d 

Resg Dh{I, %2. J) -^ Res| Dh{F, /, A) 



ji 



Dh{FJ,A)—^A 
Now form the exponential diagram below. 

(7.5) 






-.G 



M 



-.G 



-^ Res^ J —-^ Res^ K 

Resg J2 



Next form the exponential diagram below. 
G/H X DniM, m, K) — 



Gxhc'S 

GxhM 



GxHTn 



-^ G/H X K 



DH{M,m,K) 



-^K 



712 



We now have a chain of isomorphisms for X G J^inc/ K, as below. 
Hom/K{X, J] DH{I,i2,J)) = H(mi/j{XxKJ,DH{I,i2.J)) 



Horn 



/{G/HxJ) 



{G/HxXxkJ,GxhI) 



(7.6) 



= Horn/ R^^G J {Resjj X x ^^^a ^ Res^^ J, J) 
= ^o^/Rcsgx(Res|X,M) 
^ /7om/(G///xi^)(G'/ffxX,G'xHM) 
= Hom/K{X, Dh{M, m, K)) 

It follows that we have an exponential diagram as below. 



(7.7) DH{M,m,K)xKJ 

1 

DHiI,t2,J) 



TTl 



-^DH{M,m,K) 



J 



K 



32 
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Next form the diagram below, where both squares are puUbacks. 



(7.8) Res^iDniM, m,K)xK J) 
Res% DH{M,m,K) 



e^XR^^G ..1 



^ ResV^ J 



L 



M- 
Next we claim that the diagram below commutes. 



H 
Resg J2 



Res^K 



(7.9) 



Resji c 



G 



Res%{DH{M,m,K) Xj, J) ^^Res% DH{I,t2,J) 



To see this, we consider the isomorphisms 7^ We obtain c by moving 
from the last line to the first, starting with the identity map. Restrict- 
ing to H and postcomposing with e^ corresponds to moving to the 



third line of 7^ Moving from the last line to the third-to-last line 
gives the map e^. Moving up one more line corresponds to taking the 
pullback with Res^:^ J over Resj^^ K and postcomposing with li. 
Now every generating relation on sNq ' R{B) is of the form 

{A A B,tf{x)) ~ iDH{F,f,A) ^ B,r^f (x)) 



for some A, a, x, etc. First, using [772] we calculate 

UbiiA A B,tf{x))) = {K ^ C, n^es% j2r Res% nt fix))- 

Now r^es^ntf = U^rh by |773| and n^^a^^U^ = t^ni^ri^ by 
follows that we have 



7.5 



fcop" 



From 
have r 



nb{{A -^ B, tf{x))) ~ (DniM, m, K) ^-^ C, re^m^ri^n^ (x)) 
7.8| it follows that Ve^ni^ 



^Resg^i^e-x^^^gA 



,1, and by 



e-^x^n ,,1^1 = rj^s<3e'r,^2- Thus we have 



7.9 



It 



we 



ntHA A B, tf{x))) ~ {DniM, m, K) ^^ C, 



) ""-ResCj TTi 



'^ResgeiV^^nla;))- 



Now by applying Lemma |2.4| to |7.2| |7.4| and |7.7| , we see that doc, tti, 
fc o p"^ is a distributor for a o p-^, 6. Hence we have 

n5((/^H(F,/,A)^i?,V(x))) = 

{DH{M,m,K) > C,n^^^G^^r^^^G^,r^^^Garj^{x)). 
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Finally, we have r^es'^d^ef = ^/a'^n by 



7.4 



so that 



D 



n,{{A A B, tf{x))) ~ n,{{Djj{F, /, A) ^ B, r^^ (x))). 

We have constructed a functor 

sN^'" : sTamb{H) -^ sTamb{G). 

We now construct a unit map 

Vr: R^ Resg sN^'^R 

for arbitrary i? G sTamb{H), as follows. We take our cue from topol- 
ogy. If X is a commutative ring if -spectrum, then the unit map for 
the norm / restriction adjunction is as below. 

X^XA {A,a-HyHS') "^'^''^-"^^"^) ResI N^X 

This suggests the following. For any X G J^iriH, let 

r]x -.X^Res^iGxHX) 

be the unit map of the induction / restriction adjunction. We shall also 
denote the counit by ex for X G J^iric, and note that it corresponds to 
j^G/H ^]2(Jer the canonical isomorphism G x^ (Res^X) = G/H x X. 
We define r]ji{X) as below. 

r)R{X) : R{X) -^ Res| sN^^"R{X) 

u^^^GxhX^G Xh X,nr,^{u)) 

We now check that this is a map of semi-Tambara functors. 

Lemma 7.10. For any R G sTamb{H), the maps rifi{X) determine a 
map rjR in sTamb{H). 

Proof. First we check that rjR commutes with restrictions; this follows 
from the fact that, for any if -map f : Y ^ X, the diagram 

Y ^X 



Vy 



Vx 



Resg(G XhY) — Res|(G XhX) 



Res'iiiGxHf) 
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is a pullback. Next, suppose / : W^ — )■ X is an iJ-map and w G R(W). 
The following diagram is exponential. 



W 



W 



/Ui 



X 



Vx 



Res^(G'xjfX) 



Hence we obtain nrf^tf{w) = t(/]ji)nj^(u'). Next note that any diagram 
of the form below is exponential. 



AUAxbC 



lUvri 



A 



AUC ^BUC- 

^ a]]l ^ 1 



Uc 



B 



Applying the above with A = G XhW , a = G Xjj f, B = G Xh X, 
C = Gxh{{G — H) XhX) and c = cgxh^Ic, we obtain the exponential 
diagram below, 



GxH{Res%{GxHW)) 



^Gx T,W 



GxhW 

GxhI 



GxH(lU(G-H)xHf) 

GxHiWUiG-H)xHX^-^GxHiRes%{GxHX))^-^^^GxHX 
where we have used the fact that the diagram 

G Xh ((G - H) Xh wf^^G Xh W 



Gx„{{G~H)x„f) 

Gxh{{G-H)xhX) 
is a pullback. This implies the following. 



<:Gx i/X 



GXHf 



GXhX 



r]R{tf{w)) = {G XhX -^G Xh X,t(^fui)ni^{w)) 

GXHf, 



= {GxhW 
Then since the diagram 

W 

-.G 



-> G Xh X,r(^iu^G~H)x„f)ni,{w)) 



-^W 



Res^iGxnW)- 



U(G-H)xHf 



^WUiG-H) XhX 
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is a pullback, we obtain the following. 

vdtfH) = {GxhW ^^ G XHX,n^^{w)) 
= tf{{G xhW ^Gxh W,n^^{w))) 

It remains to show that tjr commutes with norm maps. Again suppose 
we have an iJ-map f : W ^ X. For w G R{W) we have 

r]n{nf{w)) = {GxhX ^G Xh X,n^^nf{w)). 

We have Ufj^nf = '^rcs^(Gx_h/)^»?w ^J ^^^ naturality of rj. Now the 
diagram below is exponential, 

GxhI 



GxhW 



GxhW 



GxhX 



GxmW 



GXHf 



GxuX 



so we obtain the following. 

n/(%H) = nf{{G XhW ^Gxh l^,n^^H)) 
= {GxhX—^GxhX, np„„G (n^ „ nfir, 



''Rcs^(Gx_ff/)"'r;w 



») 



Vdrifiw)) 



D 



Next we define a counit map 

CR : sN^'" Resg R-^ R 

for R e sTamb{G). Using that Res|i?(Res| V) = R{G XniRes^ V)), 
we define e^ as below for X G J-'inc- 

eniX) : sA^^'^ Resg E(^) -> R{X) 



u 



It is clear that this gives a well-defined function on sNq ' Res^i?(X). 
It then descends to the quotient sN^'^ KeSfj R{X) since diagrams of 
the form below are exponential and the distributive law holds in R. 



GxHiRes'fjDH{WJ,V)) 

GxHen 



<^DH(W,f,V) 



Dh{WJ,V) 

V 



GxnW 



GxhJ 



-^Gxh (Res'^V) 



<^v 



V 
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We now check that this is a map of semi-Tambara functors. 

Lemma 7.11. For any R G sTamb{G), the maps ^r{X) determine a 
map eR in sTamh{G). 

Proof. First we check that tR commutes with restrictions. Suppose 

given an element {V -^ X,u) E sN^'^ Resg R{X). Let / : F -> X be a 
G-map and form the diagram below, where both squares are pullbacks. 



ev 



Gxh (Res^ V) -^^ V -^^ X 



GxH(Res^p) P / 

G XHiRes% P)—^P—^Y 



ep 



We now have the following. 



J, V \\\ II n 1. \r I \\\ 



tR[Tf[(y 4 X,u))) = eniiP 4 F,r^x,(Rcsgp) 



= tqrpUeyiu) 

= rftjn,y{u) 

= rf{eR{{V^X,u))) 

That tR commutes with transfers is trivial. Finally, we must show that 
it commutes with norms. Hence let / : X — )■ F be a G-map, and form 
the exponential diagram below. 



B 



V ^X 

3 J 



c 



Y 



Then we have the following. 



eR(^/((^ ^ X,U))) = e^((G A >",nGx^(Rcsgfe)^Gx«(Resge)(w))) 



60 JOHN ULLMAN 

Now n^c^GxniB.es'^ b) = "^b^es by the naturality of e, and the diagram 
below is a puUback, 

^, GXff(Rcs§e) „ 

Gxh (Resg B) —^ Gxh (Res| V) 



<^B 



<^V 



B ^V 

e 

SO we also have n^^^r q^^^jics'^ e) = ''"e^ev Thus we obtain 

eR{nf{{V -^ X,u))) = tpUbreU^yiu) 
= nftjn,y{u) 

= njieniiV^X,u))). 



D 



We can now demonstrate our adjunction for semi-Tambara functors. 

Theorem 7.12. The above natural maps r]R:R^ KeSfj sN'^'^R and 
eji : sN'^'^ KeSff R ^ R are the unit and counit, respectively, for an 
adjunction (sN'^'^ ,1168^^) on semi-Tambara functors. 

Proof. We will demonstrate the following. 

(i) For any R G sTamb{H) we have Cs^chr o sN'^'^lrjfi) = 1. 

(ii) For any R E sTamb(G) we have 'ReSfj{eR) o ^^gG r = I- 
We begin with (i); let R G sTamb{H). Consider the composite below. 

sN^^^R ^a^l^lM^ siv^,^ Res| siV^'^E ^^^^^^ sN^'^'R 
First, we have the following. 

{V 4 X, {G Xh (ResgV) ^Gxh {Res%V),n^^^^^^{u))) 
Applying egj^G,Hji, we obtain the following. 

t,n,y{{G Xh (Resg\/) ^Gxh (Res| \/),n^^^^g^(M))) 

An easy calculation gives the following. 

n,^((G'x^(Resg\/) ^ G Xh {Res%V),nr,^^^^^{u))) = 

Now Resj:^(ev') o ^es'^ y = 1 by the analogue of (ii) for the adjunction 
{G Xh ( — ),Res^), so the above element is {V ^ V,u). Applying tj, 
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we obtain {V — )■ X,u), so (i) holds. 

Now we check (ii); let R e sTamhiG). Consider the composite 
below. 

Res| R "°°^~) Res| sN^^" Resg R ^!!£M^ Res| R 

We begin with an element u G Res^/?(X) = R{G Xh X). Applying 
Vrbs'^ /?! ^^ obtain the following. 

{G Xh X ^ G Xh X,nGxH{vx)i'^)) 
Applying KesHieR), we obtain 

by the analogue of (i) for the adjunction (G Xh { — ), Resj:^). D 

Remark: Examining the above proof, we see that our norm / re- 
striction adjunction for semi-Tambara functors is deeply related to the 
induction / restriction adjunction for sets with group action. 

Next, suppose that Ri G Tamb{H). Then for R2 ^ Tamb{G) we 
have the following. 

(7.13) HomTamb{H)iRi, Resg R2) = HomsTamb{H)iRi, Res| R2) 

= HomsTambiG){sN^'''Rl,R2) 

Hence we define the norm construction on Tambara functors 
iV^'^ : Tamb{H) ^ Tamh{G) 

to be the composite of sN^'^ with the additive completion functor. 
For R G Tamb{H) we define 

m:R^ Res| A^^'-^^ 
to be the additive completion oi r]ji : R ^ KeSjj sN'^'^R, and 

eR:N^^"Res%R^R 
the additive completion of eji : sN^'^ Kesjj R — )■ R for R G Tamh{G). 



Then the following is immediate from 7.13 and Theorem 7.12 



Theorem 7.14. The above natural maps tjr and e^ are the unit and 
counit, respectively, for an adjunction {N'^'^ , Resj^^) on Tambara func- 
tors. 

Next, recall that the functor N'^'^ is symmetric monoidal, so it pre- 



serves commutative Green functors. Corollary 5.24 describes the struc 



ture maps. This gives us two ways of obtaining a commutative Green 
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functor structure on the norm of a Tanibara functor. We now check 
that these are the same. 

Proposition 7.15. The norm construction on Tamhara functors co- 
incides with the norm construction on underlying commutative Green 
functors. 

Proof. Let R G Tamb{H), and let X G J^inc- Suppose given two 

elements {Vi ^ X,ui) and {V ^ X,U2) of N^'^R{X). We first 
multiply them using the Tanibara functor structure. This produces 
the element below. 

To compute this, we form the exponential diagram below. 



(l^lXxV^2)lJ(^lXxV^2) 

TTi U'^a 

y 



ii U h 
We obtain the element below. 



xux 



X 



lUi 



(^1 xx V2 



ji^ri 



^ X,r^^G^^{ui] 



XU2)) 



=^ /, 1 V - / Res^ 7r2 ' 

Next we multiply the two elements using the structure map from Corol- 
lary |5]24j We obtain the element below. 

r-A {{Vi X V2 ^i^ X X X, Ml ® M2)) 
Now the diagram below is a pullback, 

Vi X V2 *- X X X 



Fl Xx 1^2 



-^X 



JlTTl 



SO we obtain the following. 

(V^i xx V^2 ^^ X,rR,3gfc(Mi ® M2)) 
Now we have ui (g) U2 = (ui (g) 1) • (1 (g) U2) = TRes<3 7ri(^i) 



so 



that r^esG fe(Mi ® U2) = r-RcG ^^(mi) ■ r^es^ ^2(m2). 



^Resg7r2(«2), 

D 



Next we wish to identify the adjunction of Theorem |7. 14 with the one 
obtained from topology in [U112J . We begin by describing the latter ad- 
junction. Let R G Tamb{H), and let TiR be a cofibrant model for the 



SYMMETRIC POWERS AND NORMS OF MACKEY FUNCTORS 63 

corresponding Eilenberg MacLane commutative ring spectrum. Corol- 
lary 5.10 of |U112] gives the left adjoint of restriction from Tamb{G) to 
Tamb{H) as 

R ^ TLoN^y-R, 

with unit map r]^^ induced by the map below. 

(7.16) HR = HRA ^s')'^iG-H)/H MAiMc-H)/H^ ^^ ^ (H^)A{G-^)/^ 

^ Res| N'iHR 

To compare the two adjunctions, we begin by letting {l-iK)c be a cofi- 
brant replacement, and considering the norm of the approximation map 

N§{nR)c -^ N^UR. 
Applying ttq, this induces a natural map 

(7.17) 7fi : N'^'^'R -> Tr^iN^HR) 



of Mackey functors. Proposition 7.15 implies that it is a map of com 



mutative Green functors. We must first prove the following. 

Lemma 7.18. For any R G Tamb{H) , the map '-jr is a map of G- 
Tambara functors. 

Proof. We need only show that the precomposite of 7^? with the com- 
pletion map sN'^'^R — )■ N^'^R, which we denote by s7r, is a map 

of semi-Tambara functors. Let X G J^inc, and let {V — ?■ X, u) be an 
element of sN'^'^R{X). We compute the image of this element using 
the notation of Section [6| We obtain the following. 



K V „,^^ _ 4 ^G,Hi 



S-iR{{V ^ X,U)) =tjTT. 



u 



Now let / : X — i- y be a G-map, and form the exponential diagram 
below. 

D XyX ^D 



y 



V ^X ^Y 

j f 

We obtain the following. 

nf{s-fR{{V 4 X,u))) = tpn^^re7i^'"{u) 
A simple topological calculation yields 



64 JOHN ULLMAN 

SO that we have the following. 

nf{s-fR{{V 4 X,U))) = Vf"^(^Resg^i'^Resge(«)) 

= s^n{nf{{V^X,u))) 

D 
We can now relate our two adjunctions. 



Theorem 7.19. The natural map 7.17 is the unique natural isomor- 



phism relating the two adjunctions (N^'^ , ReSj^^) and (tLqN^'H, ReSj^^) 
on Tamhara functors. 

Proof. The unique isomorphism relating the two adjunctions is the 
unique natural transformation a such that the following diagram com- 
mutes for all R G Tamb{H). 




Res| N^'^R ^ Resg n^N^HR 



Res^ au 



Thus, we must show that this diagram commutes for (7 = 7. Let X be 
an H-set, and let u G R{X). Then we have 



To compute this, we may first assume that TiR is a cofibrant and fibrant 
commutative ring spectrum. Then its underlying spectrum is positive 
fibrant, so u may be represented by a map 

u : FiS^ A X+ ^ UR. 
Then n^^ (u) may be represented by the map 

(u, 1) : {constxFiS^,const^G-H)xHxS°) ^ const^^^G^^Q^^xy^R- 
We now take the multiplicative push forward 7rf '^ and restrict to the 
copy of X corresponding the identity coset. Letting {gi} be our set of 
coset representatives, we note that for any x G X C Res^(G' y^u X)^ 
we have g~^ ■ (1, x) G X only when gi = I. It follows from the explicit 
description of multiplicative push forwards in Section |6] that we can de- 
scribe the result precisely as the map FiS^ AXj^ — )■ Res^ N^T-LR which 
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is equal, on the summand corresponding to x G X, to the composite 
below. 

^ Resg N^HR 
we see that this is precisely ri^{u). 



Examining 



7.16 



D 



Remark: Theorem 7.19 implies formally that the following diagram 
commutes for any R G Tamb{G), where the map on the right is in- 
duced by the counit of the adjunction {N§, Resj^^) on commutative 
ring spectra. 

N^^" Res| R J"' > 7T_oN§ Resg TiR 




We can now generalize a special case of Proposition B.63 of |HHR) . 

Corollary 7.20. Let X G comrriH be cofibrant and {—1)- connected, 
and let Y G Spu be cofibrant and {—!)- connected. Then for any map 
f : Y ^ X which induces an isomorphism on vTq, the map 

N^f : iV|F ^ N^X 

induces an isomorphism on tTq. 

Proof. Let R = 7[_qX. Then by Proposition 3.7 of |U112| . we can con- 
struct a cofibration p : X — > TiR in comniH which induces the identity 
on TTq. Now let k : Z ^ TiR be a trivial fibration in Spn with Z cofi- 
brant. Then we can complete the diagram below by the lifting axiom. 



Y 



X 



k 

HR 



The map q induces a n is omorphism on vTq since the other three maps 



do. Then by Lemma 3.1, 7[jQN§{q) is an isomorphism. Also, 'Kx^N^{k) 



is an isomorphism by Theorem |7.19 Thus, it suffices to show that 
TLo^niP) i^ ^^ isomorphism as well. Let 5 G Tamb{G). We have the 
following chain of isomorphisms by Theorems |1 . 1 1 and 1.2 , and the fact 
that the norm functor gives the left adjoint of restriction from comniG 
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to comniH- 

HomTambiG){KoN§X,B) = HomHo(commG)iN^X,'HB) 

— HomHo{commH)i^^ RqSjj HB) 

= HouiTambiH) {iLqX, Res| B) 

We have similar isomorphisms for T-LR. The resuh then follows from 
Yoneda's Lemma. D 

Corollary 7.21. Let X G comma be cofibrant and {—1)- connected, 
and let Y G Spc be cofibrant and {—1) -connected. Then for any map 
/ : F — )■ X which induces an isomorphism on ttq and any T G J-'ina, 
the map 

rAT . yAT y-AT 

induces an isomorphism on tTq. 

Proof. Let T = UjC/ifj. Then we have a natural isomorphism for 
Z G Spc as below. 

(7.22) Z^^ = /\NgRes%^Z 

i 

For each i the map Res^^. / induces an isomorphism on vTq, so Corol- 



lary 7.20 implies that N§, Resj:^ / induces an isomorphism on ttq. Now 
the N^. Resj:^. Y are cofibrant in Spc and the N§, Resj^^. X are cofibrant 
in comma, so all of these spectra are flat. It follows that the smash 



products |7.22| for Z = Y and Z = X are derived smash products. Since 
all of these spectra are (— l)-connected as well, these smash products 
induce tensor products on ttq. D 

8. Tambara Functors and Multiplicative Push Forwards 

OF Mackey Functors 

In this section we give an alternative characterization of Tambara func- 
tors in terms of multiplicative push forwards of Mackey functors. We 
then relate this topologically to tt_qCH and give an alternative formula 
for T in these terms. We begin by recalling the notation and concepts 
of Section^ Letting T G J-'ina, recall that Ba(T) is the translation 
category of T, and that Spbg{t) denotes the category of functors from 
Ba{T) to orthogonal spectra. We call these i3G(r)-spectra. We would 
like a corresponding notion of i3G(T)-Mackey functors. These should 
correspond to i3G'(T)-spectra which are pointwise Eilenberg MacLane. 
Suppose that X G Spisg{t) and that g is a morphism in Ba{T) from ti 
to ^2 (that is, g -ti = ^2). Letting Ht be the stabilizer of t for all t E T, 
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we have Ht^ = gHt^g^^. Hence, we have a conjugation isomorphism as 
below. 

h t-j- ghg~^ 
This isomorphism clearly induces a corresponding isomorphism of cat- 

1 — 

egories {Ig )* '■ Sput ~^ SpHt ■ We can then describe our Bc(T)- 
spectrum X equivalently as a collection {Xt G SpHt}teT together with 
isomorphisms 

(8.1) (i^rxt^Xg, 

for each t & T and g & G which are suitably functorial, subject to the 
condition that the above map is the action by g when g & Ht- Now 
pullback of group action along Ig induces an isomorphism of Burnside 

categories Burn{H gt) ^ Burn{Ht) which we shall denote by A i— )■ A^ , 
and precomposition with this functor then induces an isomorphism 

Mack{Ht) ^ Mack{Hgt) which we shall denote by 

Now for any n G Z we clearly have a canonical isomorphism 

TLni^g^yXt = ^{KnXt), 

and hence we have isomorphisms as below. 



9l 



a. 



TLnXt) -> TLnX, 



gt 



These satisfy the condition that, when g E Hf, they coincide with the 
restriction maps 

'in^X,)iV) = KnXtiV) ^ KnXtiV) 
induced by the isomorphisms below for each V G J-'inHf 

V ^V^ 
V \-^ g ■ V 

Thus, a i3G'(T)-spectrum X is pointwise Eilenberg MacLane if and only 
if it is Eilenberg MacLane at any set of orbit representatives for T, and 
similarly for pointwise (— l)-connected objects. We now describe the 
analogue of the Burnside category. We define Burn{BG{T)) to be the 
category whose objects are finite G-sets over T, where the hom sets 
are given by Grothendieck groups of correspondences over T. We now 
define i3G(T)-Mackey functors. 
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Definition 8.2. Let T e Tine. A -BG(T)-Mackey functor M is a 
contravariant, additive functor from Burn{BG{T)) to the category of 
abelian groups. We denote the category of i3G(T)-Mackey functors by 
Mack{BG{T)). 

Of course, if T = UiG/Hi then BurniBciT)) = H, Burn{Hi), so we 
have an equivalence of categories as below. 

(8.3) MackiBciT)) = \\_Mack{Hi) 

i 

Next note that G-sets over T are equivalent to i3G(T)-sets: given a 
map y — ;■ T we can take Yt to be the preimage of t G T, and given 
{Yt}t<^T we can form Uigy^i -^ T. Hence we can associate suspension 
i3G(^)-spectra to the objects of Burn{BG{T)). We have an equiva- 



lence Spbg{t) — Yli SpHi corresponding to 8.3 which we can use to 



define cotransfer maps between these suspension i3G(T)-spectra. It is 



clear from |8.1| that these maps do not depend on the choice of orbit 
representatives. Hence we obtain the following. 

Proposition 8.4. The homotopy category of suspension BG{T)-spectra 
of finite G-sets overT is canonically equivalent to Burn{BG{T)) . For 
each n E 1j there is a functor as below. 

TT, : HoiSpBaiT)) -> Mack{BG{T)) 

The functor -Kq induces an equivalence from the homotopy category of 
pointwise Eilenherg MacLane BG{T)-spectra to Mack{BG{T)). For any 
pointwise {—!)- connected Bg{T) -spectrum X and M_ G Mack[BG{T)), 
we have a natural isomorphism as below. 

(tTq)* : HomHo(SpB^(T))(^^'^M) ^ HomMack{BG{T))iKoX, M) 

Now let M G Mack{G). Letting constTM := -n^^{constTl-LM) , and 
recalling the adjunction between const and additive push forward noted 
in Section [6} we obtain a canonical isomorphism as below for each 
T G FiuG- 

M{T) = HomMack{BG{T)){constT A, constTM} 

We can now define additive and multiplicative push forwards of these 
objects. Let i : U -^ V he & G-map, and let M_ G Mack{BG{U)). 
We define the additive push forward associated to i in terms of the 
topological push forward, as below. 

z, : MackiBGiU)) -^ Mack{BG{V)) 
M ^ TT^i^HM 
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We also define the pullback along i by replacing i^rhlM. in the above 
definition with i*'HM_, and note that these are adjoint functors. We 
define the multiplicative push forward similarly, as below. 

i^ : MackiBciU)) -^ Mack{BG{V)) 
M ^ n^i^nK 

Note that in the above definitions we may replace "HM with any (— 1)- 
connected object with the correct tTq. It follows that for any maps 
i : U ^ V and j : V ~^ W in J^inc we have canonical isomorphisms 
j*i* = U o i)*, JA = (j o i)^ and i*j* = (j o i)*. 

We can describe these constructions algebraically. Let i : U ^ V he 
a map in J-'ina- Then we obtain a restriction functor 

Res(i) : Burn{BG{V)) -^ Burn{BG{U)) 

W^W XyU 

and an induction functor as below. 

Ind(i) : Burn{BG{U)) -^ Burn^BGiV)) 

{W ^U)^(W ^ V) 

Using the topological adjunction between i* and i*, we calculate 

i*M = Mo Indii) 

for M G Mack{BG{y))- Since ?* is left adjoint to i*, and Ind(i) is left 
adjoint to Res(i) (on opposite Burnside categories), it is formal that 

i^M_ = Mo Res(i) 

for M G Mack{BG{U)). (In fact, i* and i* are both left and right 
adjoint to one another, since Ind(i) and Res(i) are.) Note that these 
induction and restriction functors, for i : G/K — )> G/H the canonical 
projection for pairs of subgroups K C H, coincide with the usual in- 
duction and restriction functors. 

Next we give an algebraic description of the multiplicative push for- 
ward i^. 

Definition 8.5. Let M G Mack{BG{U)) and let i : f/ ^ 1/ be a map 
in J^iriG- Let X be a finite G-set over V . We define F(i, M)(X) to be 

the quotient of the free abelian group on the pairs (Y — )■ X,y), where 
j is a map in J^iriG/V and y G M_{Y Xy U), by the relations 
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i) (Y -^ X,y) = (Y' — > X, y') when there is a commutative diagram 



Y 



Y' 



X 




such that / is an isomorphism and rjxvil'") 



u 



(ii) {yi]iy2 



ii U i2. 



J2, 



> X, (1/1,1/2)) = (n ^ X, y,) + (F2 ^ X, 1/2), and 



(iii) (F 4 X,t/H) = (A(W^,/,V^) ^ X,re{w)) for any G-map 
f : W —^ Y XyU over f/, where the diagram below is exponential. 



D,{W,f,V)xvU 



W 



vri 



YxvU 



TTl 



A(W^,/,V^) 



F 



We define transfers for F{i,M_) by composition on the generators, and 
restrictions by pullback. Arguing as before with F{T, M_) and N^'^ , we 
see that these are well-defined and determine a i3G(l^)-Mackey functor 
F{i,M_)- Note that when i : T — )■ * we have a precise identification 

F{i,i*M) =F{T,M) 

for any M G Mack{G) = Mack{BG{*)), and for any subgroup H C G 
and i : G/if — )■ * we have a precise identification 

F{i, {Z 4 G/iJ) ^ M{k~\H))) = N^'^M 

for any Mg Mack{H). 

Next we require a comparison map from F{i,M_) to i^M. We shall 
require the following proposition. The proof is left to the interested 
reader. 

Proposition 8.6. The following conclusions hold. 
(i) For any G-map i : U ^ V there is a canonical isomorphism 

i^^constjjS^) = constyS^ . 
(ii) For any pullback diagram of G-sets as below there are canonical 
natural isomorphisms j*ii,X = qi,p*X and j*i^X = q^p*X for 
X G Spbg{u)- 

V 
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(Hi) For any G-maps j : W -^ U and i : U -^ V there is a canonical 
natural isomorphism i^,j^:X = p^:f^,e*X for X G Sps^^w), where 
the diagram below is exponential. 



■7) 



E 



W 



u 



D 



V 



(iv) If 8. 7 is exponential then, under the isomorphisms (i) and (Hi), 
i^ of the cotransfer constuS^ — )■ j ^:Const]Y S'^ is equal to the co- 
transfer ccmstyS^ — )■ p^constnS^ . 

Now let i : f/ — !■ y be a G-map, X G Sps^ijj) and j : W —^ V another 
G-map. Form the pullback diagram below. 



W XvU 

w 



u 



V 



Utilizing Proposition 8.6[ we define a homotopy operation 

K : 7LoX{W XyU)^ Tioi^X{W) 
by the commutative diagram below. 



-^[E^W+,ta] 



[E^{WxvU)+,X] 



[constwxyuS'',p*X] -^^ [constwS'',q,p*X = j*i,X] 

Applying this to X = TiM for M_ G Mack{BG{U)), we now define our 
comparison map as below for i : U ^ V and arbitrary X G J^inc/V. 

Q^X) : F{i,M){X) ^ i,M{X) 



The fact that this map respects relation (iii) of Definition 8.5 follows 
directly from part (iv) of Proposition 8.6[ It is clear that it commutes 
with transfers. Part (ii) of Proposition 8.6 implies that Q^j^ commutes 
with restrictions. Hence we have a natural transformation 0*. We 
can now identify multiplicative push forwards of Mackey functors alge- 
braically. 
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Theorem 8.8. For any i : U ^ V and any M_ G Mack{BG{U)), the 
map Q'^j^ is an isomorphism. 

Proof. Firstly, suppose that V = Vi]jV2, so that U = U1UU2 and 
i = ii ]Ji2- We may also write M = {Mi,M2)- One easily sees that 
we have a commutative diagram as below. 

F{i, M) = ^ i^M 



Hence we are reduced to the case V = G/H, where H is some sub- 
group of G. Now G-sets X over G/H correspond to if -sets under the 
correspondence 

{j:X^G/H)^r\H). 

It follows that U = G X H U' and i = G Xhi' for some if -map i' . Also, 
M corresponds to an M' G Mack{BH{U')). One easily sees that we 
have a commutative diagram as below for any G-set X over G/H. 

©if 
F{i,M){X = G XHX')^^i^M{X = Gxh X') 



F(^',M')(X') ; -^IM'(X') 

Hence we are reduced to the case V = *. 

First suppose f/ = 0. Then i^M = A and the result follows by 
inspection. Hence suppose U is nonempty. We may suppose inductively 
that the theorem holds for all proper subgroups of G. If ii is a subgroup 
of G and X is an H-set then we may identify the map 0^(G x^;^ X) 

with O Q «^(Ar) using similar arguments to those in the preceding 

paragraph. Hence, we may assume that ©^y^ is an isomorphism on all 
levels G/H for H a proper subgroup of G. We now reduce to the 
case where U is an orbit. Suppose U = Ui ]J^2) M. = {M.ijM.2) ^'^d 
i = iiYi'i-2- Then we have from topology an isomorphism 



SYMMETRIC POWERS AND NORMS OF MACKEY FUNCTORS 



73 



We now define a pairing as below. 

F(zi, Ml) ® F(22, M2) ^ F{i, M) 



Ja, 



(ri^Xi,yi) 0(^2^X2,^2)^ 



(11 X Y2 



nxn 



>Xi X X2, (r. 



' V ' '^Yi X C/j 



(yi),r^y,xC/2(^2))) 



Examining the proof of Proposition 5.9, we see tliat it applies equally 
well here, so that the above pairing is well-defined. Using the explicit 
description of B*, we obtain a commutative diagram as below. 



F{i,M) 
LM 



F(^i,Mi)®F(zi,M2) 

©Ml®®!. 

Assuming that the statement of the theorem holds for ii and 12, the 
left vertical map above is an isomorphism, so Q\^ has a section. By 
our inductive hypothesis, this section must be an isomorphism on all 
proper subgroups of G. Hence, to show that the top horizontal map 
above is surjective, it suffices to check that it is surjective on geometric 
fixed points. The geometric fixed points of F{i,M_) are generated by 
the elements of the form (* ^ *, (yi, y2))- Such an element is the image 
under the top horizontal map of (* ^ *,yi) (8> (* — > *,y2)- Thus, the 
top horizontal map is an isomorphism, so Q\f is as well. 

Finally, we must prove the statement for i of the form G/H — )■ *. In 
this case, M can be identified with an if-Mackey functor M', and Q\.]- 

D 



G,H 



can be identified with the map GJ, of Subsection 



5.2 



We will not need this algebraic description in what follows; we will 
instead rely on the topological definitions. We will need the following 



consequences of Proposition 8.6 

Corollary 8.9. The following conclusions hold, 
(i) For any G-map i : U ^ V there is a canonical isomorphism 

i^{constuA) = constvA. 
(ii) For any pullhack diagram of G-sets as below there are canonical 
natural isomorphisms j*ii,M_ = q^p*M_ and j*i^:M_ = q^p*M for 
MeMackiBciU)). 



P 



U 



w 



V 
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(in) For any G-maps j : W ^ U and i : U ^ V there is a canonical 
natural isomorphism i-^j^M_ = p*f\e*M_ for M_ G Mack{BG{W)), 
where the diagram below is exponential. 



E 



W 



D 



-^U^^V 



We now give an alternative characterization of Tambara functors. In 
the following, we note that for any G-niap i : U ^ V we have the 
identification i*(constvM) = constjjM, and we define the fold map 
of i to be the counit Vj : i^(constjfM) — )■ constyM of the {i*,i*) 
adjunction. 

Definition 8.10. A multiplicative Mackey functor over G is a G- 
Mackey functor M together with maps /ij : i-^iconstjjM) — )■ constyM 
for alH : f/ — )■ y in J^iuc such that the following conditions hold. 

(i) If i : * ^ * then /ij = Id. 
(ii) li i : U ^ V and j : V ^ W then the diagram below commutes. 



j^{i^{constuM)) 
(j o i)i,(constjjM) 



i*(Mi) 



f-^joi 



ji^jconstyM) 
constwM 



(iii) If the square below is a pullback in J-'tUc then the triangle com- 
mutes. 



P 



W 



U 



-^V 



q-i,(const pM) 

IJ.q 

ccmstwM 



j*i^{constuM) 



j*ipi) 



(iv) If the rectangle below is exponential then the triangle commutes. 

/ 



E 



W 



u 



D 



V 



p^f^{constEM_) 



VpOp,{nf 



ij^ (constwM.) 
constyM 



We denote the category of multiplicative Mackey functors over G by 
MultMack{G). 



SYMMETRIC POWERS AND NORMS OF MACKEY FUNCTORS 



75 



Theorem 8.11. For any finite group G, Tamh{G) is isomorphic to 
MultMack{G). 



Proof. First let R G Tamb{G). We shall construct a family of maps /i, 
as follows. Let TiR be a cofibrant commutative ring spectrum. Corol- 



laries [7^20] and [7^21] imply that repeated multiplicative push forwards of 
constant diagrams at TiR have the correct ttq. Hence, for each G-niap 
i : U -^ V we may define /Xj to be ttq of the evident multiplication map 
ii,{constij'HR) — ;■ constv'HR. It is trivial to check that [R, {/ij}) is a 
multiplicative Mackey functor. 

Next, suppose that [R, {fit}) is a multiplicative Mackey functor, and 
let i : U -^ V. We define the norm map for i by the commutative 
diagram below. 



R{U) 



Hom{constuA, constuR) 



Hom{ — ,iii)oi. 



my) 



Hom{constvA, constyR) 



These norm maps respect composition and commute appropriately with 



restrictions by parts (ii) and (iii), respectively, of Definition 8.10, They 



convert identity maps into identity maps by parts (i) and (iii) of that 
definition, since any identity map is a pullback of the identity map of 
G/G. We verify the distributive law as follows. Let the diagram below 
be exponential. 




For any G-map k : B ^ C we let A^ : constcA ~^ k^,(constBA) denote 
the cotransfer associated to the fold map of k for S'^. Then for any 
w e R{W), the element tj{w) is represented by the composite below. 



constuA — )■ j* {consty/A) -- — > j* (constwR) — ^ constuR 
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We now examine the diagram below. 



constvA = i^{constuA) ^ i^j^{const]yA) ^ i^,j^{constwR) 



p*f^{constEA) > p^f^{constER) 



p^,{constnA) 



p,{nfre(w)) 



p,{tJ.f) 
Y 

p^ {const dR) 




-^ const vR 



This diagram commutes: the lower square commutes by the definition 
of nf, while the trapezoid commutes by part (iv) of Definition 8.10 



The composite along the top and right sides is nitj{w). The composite 



along the left side is A^ by part (iv) of Proposition 8.6 



Thus we have constructed functors Tamb(G) — )■ MultMackiG) and 
MultMack{G) — )■ Tamb{G). Examining the definition of the norm 
maps for a commutative ring spectrum, one easily sees that the com- 
posite functor from Tamh{G) to itself is the identity. It remains to 
show that the Tambara functor associated to a multiplicative Mackey 
functor (/?, {/ii}) determines the maps /ij. We proceed by induction on 
the order of G; hence, we may assume that the composite functor from 
MultMack{H) to itself is the identity for all proper subgroups H of 
G. Let i : U -^ V he a. G-map. Suppose that V^ = V^i ]J V2, so that 
U = UiW^U2 and « = "ii ]J «2- The diagram below is a pullback. 



Ui^^U 



Vi^V 



so part (iii) of Definition 8.10 implies that /ij = [ni-^, jjh^). Part (iii) of 



that definition also implies that /ij is determined by /Xi' for any map 
i' which is isomorphic to i. Hence, we are reduced to the case where 
V = G/H for some subgroup H of G. In this case we have U = GxhU' 
and i = G Xh i'. Now, we may define a restriction functor as below. 



Res| 



MultMack{G) -^ MultMack{H) 

(E,{/ii}) ^ (ResgE,{(Resg/i)i}) 
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where for any H-iaap i : U ^ V, we define (Res ^ jj)i to be the map 
corresponding to ficxni under the evident isomorphism 

Hom{{G Xh i)ir{constGxHuR),constGxHvR) - 
Honi{ii,{constu Res^ K), consty Res^ K). 
We then have a commutative diagram as below. 



Res 



MultMack{G) — ^ MultMack{H) 



TamhiG) — *- Tamb{H) 

Res^ 

It then follows by our inductive hypothesis that /ij is determined by 
the associated Tambara functor when V = G/H and H is a. proper 
subgroup of G. Hence we are reduced to the case V = *. Pulling 
i back along the map G/H — )■ * and applying the above argument, 
we see that all restrictions of /ij to proper subgroups are determined. 
Hence, it suffices to show that 

lii{G/G) : R®^{G/G) -^ R{G/G) 

is determined on a set of elements which generate the geometric fixed 



points of R . By Subsection 5.1, we may take the elements of the 



form (* — )• *,-u G R{U)). Applying /ij to this element, we obtain 
ni{u). Hence, /ij is determined by the associated Tambara functor for 
all G-maps i. D 

The notion of a multiplicative Mackey functor is formally somewhat 
similar to the notion of an algebra over a pair of operads, with the 
actions represented here by the /ij and Vj. Hence, one might expect 
the Tambara functors to be the algebras over some monad. We confirm 
this below. 

Proposition 8.12. For any finite group G the category Tamb{G) is 
isomorphic to the category of algebras over the free Tambara functor 
monad T. 

Proof. It is formal that we have a functor 

Tamb{G) ^ Mack{G)[T]. 

Now suppose we have an algebra R over T. Let m : T^ — )■ R denote 
the action map. Then for any map f : X -^ Y in J^inc we define 
Uf := m{Y) o Hf o 6ji{X). (Recall that 6^ is the unit map for the 
monad T.) Since 6'^ and m commute with restrictions and transfers, 
and m o ^^ = 1, all the axioms for a Tambara functor are clear, except 



78 JOHN ULLMAN 

that the norm maps respect composition. Let p : T o T — ;■ T be the 
multiphcation map of T. Then the diagram below commutes by the 
naturahty of 9 and the definition of T-algebras. 

Syr Pr 

TR —^ TTR —^ TR 

T(m) 

R ^ TR ^ R 

— Or — m — 

Now let f : X -^Y andh:Y ^ Zhe G-maps, and let x E R{X). We 
apply the above diagram to the element nh6YR{nf6g{x)) G TTR{Z). 
The middle vertical map is a map of Tambara functors, so by using its 
commutativity with norms and the commutativity of the left square 
above we obtain the element nhOgmnfORix). Applying m, we obtain 
nh{nf{x)). Now note that nh6jii{nf6ji{x)) can be represented by the 
pair below. 



{¥ \ Z ^Z,{X ^Y ^Y, x)) 



Applying p/j, which is the counit of the adjunction between Mackey 
and Tambara functors for TR, we obtain 

nh{{X Uy ^Y,x)) = {X ^ Z ^ Z,x) 

Hence, applying m we obtain nhf{x). We have constructed a functor 

Mack{G)[T] ^Tamh{G). 

It is clear that the composite functor from Tamh{G) to itself is the 
identity. Hence it suffices to show that the action map m : TR -^ Roi 
an algebra is determined by the associated Tambara functor. We know 
from Section |2] that any element of TR(X) is a difference of elements 

of the form ([/ — )■ V — )■ X, m), where u E R. This element is tj-riiO^lu), 
so we must have 

m{{U — !■ V^ — )■ X, m)) = tjmriiOgiu) = tjni{u). 

D 



Now we know by Corollary 1.3 that T = n^CH. There is a fascinating 
relationship between the notion of a multiplicative Mackey functor and 
the structure of vtqCH, which we now explain. Let M be a Mackey 
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functor, and let "HM be positive cofibrant. Then there is a weak equiv- 
alence as below. 



CUM ^ \/ EgS„+ Ae„ {HMY 



Here, Ec^n is the universal space for the family J-^M of subgroups of 
G X S„ which have trivial intersection with 1 x S„. Recall that these 
subgroups are the sets of the form 

H'^:={{h,<P{h)) -.heH} 

for subgroups H oi G and homomorphisms : iJ — )> S„. We denote 
the category of {G x E„)-orbits of the form {G x S„)/i/'^ by ff{G; n). 
Now if we only wish to calculate tTq, we may replace Ec^n with its 
1-skeleton. We may take the following, 

EgSW = hocoeq ( W{G x S„)/L^ ^ W{G x T.,,)/H^) 

H,(p 

where the first coproduct is over pairs of distinct maps in ^{G; n) (with 
the same domain). Smashing over S„ with {'HAf)^^ and taking tTq, we 
obtain a coequalizer, which can be re-written as a colimit as below. 

7ro(?/M)^7S„ = colim 7ro(((G' x S„)/i/'^)+ As„ (?/M)^") 

To understand this colimit, we shall require a few lemmas. 

Lemma 8.13. Let W^ he a subgroup of G xHn in J^g[i^]> o,nd let X he 
a {G X Tjn)- spectrum. Then there is a natural isomorphism 

(G X S„//J<^)+ As„ X - G+^HXt 

where X'^ is X with H -action multiplied by the pullback of the Tin-action 
along 0. 

Proof. The above spectrum is 

((G X i:jH^)+ A X)/S„ = ((G X S„)+ A^^ X)/S„ 

— (X'nXG X S„)+ Ah'P X = G+ A//0 X, 

where H'^ acts on G via its projection onto H. The last spectrum above 
can be described equivalently as G+ Ah X'^. D 

We leave the next two lemmas to the reader. 

Lemma 8.14. Let H and L be subgroups of G, and let (f) : H ^ Hn 

and X : L ^ Hn be homomorphisms. There is a map in J^inGxT.„ 

G X S„/L^ ^ G X Tn/H"^ 
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sending the identity coset to {g,a)H'^ if and only if L C gHg^^ and 

X{1) = act>{g-Hg)a-^ 

for all I E L. 

Lemma 8.15. Let H and L be subgroups ofG, and let (p : H —^ J^n and 
A : L — > S„ be homomorphisms. Suppose there is a map in J-'inGxJ]„ 

sending the identity coset to {g,a)H^. Let the following diagram com- 



mute, where the vertical isomorphisms are given by Lemma 8.13 and 

X e SpG. 

{G X ^n/L'U Ae„ X^" ^^^""'' ^ (G X J^n/H^U Ae„ X^" 



G+ Al (X 



xn\\ 



r 



G+ Ah (X^")-^ 



Then f may be represented schematically as below. 

f : G+ Al (X^")^ ^ G+ Ah (X^")^ 

[k, AjXj] ^ [kg, Aj{g~^ ■ x^(j))] 

Now when LL^ G J-'dn], let us denote the set {1, ...,n} with if -action 
through (phj {1, ...,n}(f,. Using Lemma 8.13 , we now have the following, 



(8.16) 7ro(^M)''"/S 



colim Ind^(Res^M)®^^'-'"^^ 

(GxS„)/H'l>£if{G;n) 



where the maps in the colimit are determined by Lemma |8.15[ We 
now construct a similar colimit from the definition of a multiplicative 



Mackey functor. We focus on (iii) of Definition 8.10 (the assumption 



on pullback squares). We define P{G) to be the category whose objects 
are morphisms in J^inc, and where the morphisms are morphisms of 
arrows which produce pullback squares. If (M, {/ij}) is a multiplicative 
Mackey functor then the maps 

fj,i : ii,{constuM_) — )■ constyM 

are adjoint, via the maps vr^ : V^ — > *, to maps 

fi'i : TT^i^^constuM) -^ M. 
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then the commutative triangles 



bi,{constBM} *- c*d^,{constDM.) 

c*(P'd) 



constcM 
are adjoint to commutative triangles, 

c^KJconstRM) s> dAconstnM) 

constp,M 
and hence to commutative triangles as below. 

tt'^KJ const bM) *- T^f di,{ const nM) 




Note that the top maps above are defined for all M, and give a func- 
tor from P{G) to Mack{G). The diagram above then gives a cocone 
from this functor to M. Hence, a reasonable candidate for the "free 
multiplicative Mackey functor monad" is the colimit below. 

colim 'KYiJconstuM) 

i:U^V&P{G) 



We now identify this colimit with 8.16 



Theorem 8.17. For any M_ G Mack{G) there is an isomorphism 
F : colim TT^iJconstuM) ^ t^qCHM. 

i:U^V&P{G) 

Proof. We begin by defining F. One can mimic the notion of a mul- 
tiplicative Mackey functor, replacing Mackey functors with spectra. 
Then commutative ring spectra are naturally "multiplicative" in this 
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sense. Taking 'HM_ to be positive cofibrant, we take F to be the map 
induced by applying tTq to the composites 

TTj^iconstunM) -> nJ^{constuCnM) -^ CnM, 

where the left maps are induced by the inclusions HM ^> CHM. 

To show that F is an isomorphism, we begin by examining the struc- 
ture of P{G). First of all, ii V = V1UV2 then U = U1UU2 and 
i = ii ]J 22- Then we have 

Ti^i^,{constjjM) = TT^^iu{constu^M_) ® 11^^19. JconstrhM), 

and since the diagrams 

c 




are pullbacks for j = 1,2, if one has a cocone then the map for i must 
be the direct sum of the maps for ii and ^2- Thus one sees that we 
obtain the same colimit if we restrict ourselves to the full subcategory 
of P{G) such that the targets V are orbits. In this case, the maps i 
have degrees. Since pullbacks preserve fibers, this full subcategory is a 
disjoint union over components, by degree. We may further restrict to 
a full subcategory containing all isomorphism classes. Hence, for each 
n > we let P{G; n) denote the full subcategory of P{G) consisting of 
the arrows of the form 

GxH{l,...,n}^^^^G/H, 

where (/) : iJ — )■ S„ is a homomorphism. Thus, our colimit is a direct 
sum over n > of colimits of Ind^(Res^ M)®'f^'---'"J''* over the P{G; n). 



We will identify these precisely with the colimits |8.16 



First of all, it is clear that the objects of P(G; n) correspond to the 
objects of ^(G; n). We need only show that the morphisms in the two 
diagrams correspond as well; it is then easy to see using the explicit 



isomorphisms in Lemma 8.13 that the two cocones are identical. First 
we dispose of the special cases n = 0, 1. For n = 0, the sources U are 
empty, and we see that — > * is the terminal object. Hence, our colimit 
over P{G, 0) is vrg'^''' — A-, and this is clearly mapped isomorphically to 
7rQ('HM)^°. Similarly, for n = 1 the maps i are isomorphisms and we 
have a terminal object * ^ *. Hence, our colimit over P{G\ 1) is M, 
which is clearly mapped isomorphically to tTqU-LM)^^. 

Finally, fix n > 2. Let L and H be two subgroups of G, and let 
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A : L — )■ S„ and : if ^^ S„ be honiomorphisms. Now consider a 
diagram as below. 



G/L ^ G/H 

This diagram is a puUback if it commutes and induces isomorphisms 
on corresponding fibers. Since G/L is a transitive G-set, the condition 
on the fibers may be checked on the single fiber over L. The map q 
corresponds to an L-fixed coset of G/ H . Suppose that q{L) = gH, 
so that L C gHg^^. Then the fiber over gH may be identified as 
{[fi'jj] : 1 ^ J ^ "^l- Now let a G E„. Then we attempt to define a 
map p by 

p{[l,j]):=[g,a-\j)]. 

This defines a pullback diagram if and only if the above definition is 
L-equivariant. Hence let / G L. We have / ■ [1, j] = [l,A(/)(j)], so that 
p{l ■ [l,j]) = [g,cr-^\{l)ij)]. We also have 

l-p{[l,j]) = [lg,cx-\j)] = [g-g-Hg,a-\j)] = [gA{9-%)^-\j)]- 

Hence, we have a pullback diagram if and only if 

a-'X{l) = Hg-Hg)a-\ 

for all / G L, which is equivalent by Lemma [8.14| to the existence of a 
(G X S„)-map from (G x S„)/L'^ to (G x S^,)/^ sending the identity 
coset to {g, a)H'f'. Now ioT h E H we have 

[g,a-\j)] = [gh,<p{h)-'a~\j)] = [gh,{a<P{h))-\j)], 

so the map specified by {g, a) is the same as the map specified by 
[gh, a(l){h)); that is, two element of G x E„ specify the same pullback di- 
agram exactly when they represent the same coset of H'^, and hence the 
same (GxS„)-map from (GxS„)/L'^ to (GxS„)/if''^. Using this cor- 
respondence, one easily checks that P{G]n) is isomorphic to ^{G]n). 
Let i : Gx^jl, ...,n}x — )• G/L and k : Gxh{1, ■■■,n}^ -^ G/H be the 
projection maps. Then we have, schematically, 

{gH,AjXj) = g-{H,Aj{g^^ -Xj)) 
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in k-^{constGxH{i,--,n}4,-^) ^°^ ^^y -^ ^ ^Pg, so one easily sees from 
Lemma [8. 15| that the maps 

G+ Al (Resf •HM)^^1'-'">^ = vrf/^2.(constGx,{i,...,n},-HM) ^ 
7rf/^fc,(constGx,{i,...,n},HM) = G+ Ah (Res|HM)^^i'-'">^ 

that we used to define F coincide, after applying tTq, with those occuring 
in the colimit 18.161 D 

Corollary 8.18. Let M e Mack{G). For each G-map i : U ^ V , 
let fii be the corresponding structure map for TM regarded as a mul- 
tiplicative Mackey functor, and let ^'^ he the adjoint of fii. Then the 
composite maps 

T/ , , -kY i* (const jjOm) 1^ , , m' 

Ti^i^{constuM) -^— -^ Tx^i^{constuTM) ^ TM 

determine an isomorphism 

colim ■n'^iAconstuM) ^ TM. 
i:U^veP(G) 

Remark: The way that these comparison maps are defined is pre- 
cisely how one would define a map of monads whose algebra categories 
were isomorphic. Unfortunately, it appears to be difficult to construct a 
monad algebraically from the definition of multiplicative Mackey func- 
tors, though it should be possible in principle. 

Remark: If i? G Tamb{G) and i : U ^ V is a map in J-'inc, then 
we can compute the adjoint structure maps n^ for R in terms of the 



description given by Definition 8.5 For any X G J-'inc, fJ'iiX) is as 
below. 

fi',{X) : TT^i^X) ^ R{X) 

{Y ^XxV,yeR{Y Xy U)) ^ t,n^^{y) 



It follows that the maps in Corollary 8.18| are as below 



(Y ^X xV,y)^(Y XyU ^Y ^X,y) 
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